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INTRODUCTION
This paper is a continuation of [B2, B7], and here we use the same
notation. In the sequel,
mn r s t are natural numbers;
p is a prime;
G is a ﬁnite p-group except for the cases where the opposite is explic-
itly stated;
KnG = G 
 
 
 G (n times) is the nth member of the lower central
series of G;
ZnG is the nth member of the upper central series of G;
Cm is the cyclic group of order m;
Epm is the elementary abelian group of order pm;
Q2m is the generalized quaternion group of order 2m;
D2m is the dihedral group of order 2m;
SD2m is the semidihedral group of order 2m;
ESmp is an extraspecial group of order p1+2m;
G is the Frattini subgroup of G, pdG = G  G  (dG is the
rank of G);
A · B is a semidirect product with kernel B and complement A;
G′ is the derived group of G;
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ZG is the center of G;
HpG = x ∈ G  ox > p is the Hp-subgroup of G;
CGM is the centralizer of a subset M in G;
NGH is the normalizer of a subgroup H in G;
cnG is the number of cyclic subgroups of order pn in G;
Mpn = a b  apn−1 = bp = 1 ab = a1+pn−2, where n ≥ 3 and n > 3 if
p = 2;
G is abelian of type pm1 
 
 
  pms, if G ∼= Cpm1 × · · · × Cpms .
i = H < G  G ≤ H, G  H = pi for i ∈ 1 
 
 
  d = dG
(in particular, 1 is the set of all maximal subgroups of G);
!nG = x  xpn = 1, nG = xpn  x ∈ G, where n ∈ .
AutG (InnG) is the group of all (of all inner) automorphisms of G.
A p-group G is said to be regular if, for every x y ∈ G, there exists
z ∈ x y′ such that xyp = xpypzp. Groups of exponent p and p-groups
of class < p are regular. If G is regular, then exp!nG ≤ pn. All regular
2-groups are abelian.
A p-group G is said to be absolutely regular if G  1G < pp. By
Hall’s regularity criterion (Lemma I(h)), absolutely regular p-groups are
regular.
A p-group G is said to be special if G = ZG = G′ is nonidentity
elementary abelian. A p-group G is called extraspecial if it is special with
G′ = p. A p-group G is extraspecial if and only if G′ = ZG is of
order p.
πH is the set of all prime divisors of the order H of a ﬁnite group H.
All of the above-cited results we use without references.
In his remarkable papers [Bla1–5] Blackburn continued Hall’s work in
ﬁnite p-group theory. Note the role of some results from [Bla1] in the
Odd Order Paper [FT]. It appears that many of Blackburn’s proofs can be
simpliﬁed and shortened considerably (see, for example, Mann’s important
paper [Man1]), and it is possible to improve some of his results. One of
our main aims in this paper is to revise the proofs of many theorems from
[Bla1, Bla2, Bla5, B3, B5] and improve some of them (see Sections 3 and
7). Of course, the essential ideas of the above papers are used; moreover, I
assume that the reader is familiar with Blackburn’s main paper [Bla3] and
with [Hup, Sect. 3.14]. At the same time, our paper contains a number of
new related results. It is possible to consider Sections 6 and 7 as a survey
(with full proofs) of the most important counting theorems of p-group
theory.
In Section 1, using Blackburn’s classiﬁcation of minimal nonmetacyclic p-
groups (Theorem 1.1), we describe the p-groups G such that dA = dB
for all noncyclic subgroups AB, of G of the same order (Theorem 1.4).
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In [B2, Sect. 7], irregular p-groups containing < pp cyclic subgroups of
order p2 are described in the case p > 3. In Section 2 we describe the
2-groups with exactly two cyclic subgroups of order 2n > 2.
In Section 3, which, together with Section 7, is central in the paper,
we extend a number of Blackburn’s results to p-groups with p-groups of
operators. We prove that a 2-group is metacyclic if and only if all of its
characteristic subgroups are of rank 2 at most.
As a nontrivial consequence of Theorem 3.1(a), we show, in Section 4,
that a normal subgroup of rank 2 of a p-group G, contained in G, is
metacyclic [B4].
In Section 5 we characterize (i) p-groups of maximal class and (ii) Sylow
p-subgroups of the symmetric group of degree p2. Next, using charac-
ters, we present the new proof of the following result from [Pol]: If G =
p2n+e > p2, e ∈ 0 1, and the class number of G equals pe + p2 − 1n,
then G is of maximal class.
In Section 6 we establish the enumeration principle for normal sub-
groups, which, in some sense, is dual to Hall’s enumeration principle for
counting of proper subgroups of p-groups. Using that principle, we prove
some new counting theorems on the number of normal subgroups with
quotient groups of a given type.
In Section 7 we study the normal and power structure of p-groups con-
taining a subgroup of maximal class and index p. Using that result, we
present the proof of the fundamental Blackburn Theorem on p-groups
without normal subgroups of order pp and exponent p (Theorem 7.6). We
also show that Theorems 1.1 and 2.1 from [Bla2] are equivalent (in our
paper, these are Theorems 7.6 and 7.5, respectively). As in [Bla1, 2], some
results of [Bla3] are crucial to our arguments. New proofs of a number of
deep counting theorems from [B5, Bla5] are presented in Theorems 7.8–
7.11 and numerous remarks. In particular, we prove that if a p-group G of
order pm, m > 3, is not of maximal class, then the number of subgroups of
maximal class and index p in G is 0 or p2 (in [B5, Bla5] this was proved
for m > p+ 1 only). As an application of counting results, we show that if
G is a maximal among absolutely regular subgroups N of a p-group G
such that G ≤ N and !1G = !1N, then expG = p. In con-
clusion we prove that if a p-group of maximal class contains an elementary
abelian subgroup of order pk, k ∈ p − 1 p − 2, then it contains a nor-
mal elementary abelian subgroup of the same order (this is true also for
k = p, unless p = 2; see Theorem 5.2). A number of new properties and
characterizations of p-groups of maximal class are presented. All proofs in
this section are new.
In Section 8 we show, that, as a rule, a metacyclic group G (not necessar-
ily of prime power order) has a characteristic subgroup H with λH = n
for every n ≤ λG, where λG is the number of prime factors of G.
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In Section 9 a quick classiﬁcation of groups of order pm with automor-
phism of order pm−1 is obtained (see [Mi2, B0, BM]). Some results on
groups of order pm with automorphisms of order pm−2 and pm−3 are also
presented (see also [Mil2, BM].)
In Section 10 we offer new proofs of classical Suzuki theorems on lattice
isomorphisms of p-groups and solvable groups [Suz].
In Section 11 we present a new proof of the theorem of Kazarin [Kaz1]
on p-groups, all of the cyclic subgroups of composite orders of which are
normal.
In Section 12 a variant of Maschke’s Theorem for ﬁnite abelian p-groups
is presented (see [BZ, Theorem 1.16’]).
In Section 13 we show that the subgroup generated by all minimal non-
abelian subgroups of a ﬁnite group G contains G′.
In Section 14 we construct, for every p ≥ 5, the p-group, containing an
abelian subgroup of index p1/2p+3 but not containing an abelian normal
subgroup of the same index (see [A]).
In Section 15 we prove that if p-group G, p > 3, has an abelian subgroup
A of index p3 and exponent ≤pk, then AG has a G-invariant subgroup of
order A and exponent ≤pk. Cases p = 2 3 are also treated.
In Section 16 a number of open questions are formulated.
We collected, in Lemma I, some elementary facts which we use in what
follows.
Lemma I. Let G be a p-group.
(a) (Miller for p > 2 and [B5, Sect. 5] for p = 2) We have ckG ≡
0 mod p for k > 1, unless G is cyclic or a 2-group of maximal class. In
particular (P. Roquette), if G has no normal abelian subgroup of type pp,
it is cyclic or is a 2-group of maximal class.
(b) [B6] Suppose expG = p and n ∈  with 2 < n < m. Then the
number of subgroups H of order pn in G such that dH > 2 is ≡ 1 modp.
(c) (O. Taussky; see [Hup, Satz 3.11.9(a)] If G is a nonabelian 2-group
and G  G′ = 4, then G is of maximal class.
(d) Let G be noncyclic of order p3, p > 2. Then a Sylow p-subgroup
of AutG is nonabelian of order p3 and exponent p.
(e) (Gaschu¨tz; see [Hup, Satz 3.3.13]) If N is a normal subgroup of G
such that N ≤ G, then InnN ≤ AutN.
(f) (Burnside) Let N ≤ G be a normal subgroup of G. If ZN is
cyclic, so is N .
(g) If G is a 2-group of maximal class, then it is dihedral, semidihedral,
or generalized quaternion.
(h) (Hall’s regularity criterion [H]) Absolutely regular p-groups are reg-
ular. Next, G is regular if G′  1G′ < pp−1.
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(i) IfG is a minimal nonabelian p-group, then G′ = p and dG = 2.
If, in addition, expG = p, then G = p3.
(j) If G/ZG has two distinct cyclic subgroups of index p and dG =
2, then G is minimal nonabelian.
(k) (Fitting’s Lemma) If A and B are normal nilpotent subgroups of G
of classes a and b, respectively, then AB is of class at most a+ b.
(l) (Isaacs’ Replacement Theorem [I4]; see also [B1, Theorem 3.1]) Let
A be an abelian subgroup of G. Suppose that B is a normal abelian subgroup
of G such that B ≤ NGA. Then there exists an abelian subgroup A∗ < G
such that (a) A∗ = A, (b)A∩B < A∗ ∩B, (c)A∗ ≤ NGA, and expA∗
divides 2 expA (in particular, expA∗ divides expA if p > 2).
Numerous related results are contained in [B1].
I am indebted to Avinoam Mann for fruitful discussions and help; Martin
Isaacs for another proof of Theorem 13.1, Zvonimir Janko, who read the
whole manuscript and made numerous corrections and valuable sugges-
tions, and Lev Kazarin for familiarizing me with some of his old results on
p-groups and the new proof of the Supplement to Theorems 11.1 and 11.3.
1. GROUPS CLOSE TO METACYCLIC
A group G is said to be metacyclic if it contains a normal cyclic subgroup
Z such that G/Z is cyclic. Obviously, metacyclic groups are generated by
two elements. A group G is said to be minimal nonmetacyclic if it is not
metacyclic but all of its proper subgroups are metacyclic.
In this section we classify the p-groups G such that whenever AB are
noncyclic subgroups of G of equal order, then dA = dB.
The following theorem [Bla1, Theorem 3.2] is crucial in what follows.
Theorem 1.1. Let G be a minimal non metacyclic p-group. Then G is
one of the following groups:
(a) any group of order p3 and exponent p;
(b) a group of order 34 and class 3;
(c) the direct product C2 ×Q8;
(d) the central product Q8 ∗ C4 ∼= D4 ∗ C4 of order 24;
(e) the group of order 25 and class 2, ZG = !1G = G is of
order 4.
Remarks. 1. Let G be a minimal nonmetacyclic p-group. It follows
from Theorem 1.1 that if (i) p = 2 then dG = 3 and the exponent of G
does not exceed 4, and (ii) if p > 2 then dG ≤ 3 and expG = p or p2;
if expG = p2, then G is the group of Theorem 1.1(b).
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2. It follows from Remark 1 that a p-groupG is metacyclic if and only
if one of the following holds: (i) !2G is metacyclic; (ii) every subgroup
of G, generated by three elements, is metacyclic (then G has no minimal
nonmetacyclic subgroup). Next, if G is a group of order 2m > 25, all of
whose subgroups of order 25 are metacyclic, then G is also metacyclic.
3. Let H be a nonabelian subgroup of order p3 in a metacyclic p-
group G. We will prove, using induction on G, that G is of maximal class
if p = 2, and G = H if p > 2. Assume that this is false. Let H ≤ M < G,
where M is maximal in G. Let p = 2. By induction, M is of maximal class.
By [B3, Sect. 5] (see also Theorem 7.9, here), G has exactly 4 subgroups
of maximal class and index 2, a contradiction, since 1 = 3. Let p > 2.
Then, by induction, M = H, i.e., G = p4. In that case G′ = p and
G/G′ is abelian of type p2 p, contrary to Lemma I(j), since H < G is
nonabelian. It follows from the proven result that the group G of Theorem
1.1(e) is special. It sufﬁces to show that G′ = 4. Assume that this is false.
Then G′ = 2, so G/G′ is abelian of type 4 2 2. If H/G′ = !1G/G′,
then H is not metacyclic, since dH = dG/G′ = 3.
Lemma 1.2. Let G be a group of order 2m, m > 4. Suppose that all
noncyclic subgroups of G of order 24 are minimal nonmetacyclic. Then
G = D8 ∗Q8 (the central product) is extraspecial of order 25.
Proof. By Lemma I(g), G is not of maximal class. Assume that G pos-
sesses a cyclic subgroup Z of order 8. Let R be a normal abelian sub-
group of G of type 2 2 (Lemma I(a)). Let R1 be a subgroup of order
2 in R ∩ ZG. If R1 ≤ Z, then RZ is metacyclic of order 24, contrary
to the hypothesis. If R1 ≤ Z, then R1Z = R1 × Z is metacyclic of order
24, and we get a contradiction again. Thus, expG = 4. Let A be a non-
cyclic maximal normal abelian subgroup of G (Lemma I(a)); then A is of
type 4 2 (by hypothesis, Theorem 1.1, and what has just been proved,
all subgroups of G of order 24 are nonabelian). As G is not of maximal
class, we get G  G′ > 22, by Lemma I(c). Since CGA = A, we have
G  A ≤ AutA = 8 so m ≤ 6. It follows that G′ ≤ 8, and then G′ is
abelian, by Lemma I(f). Set R = !1A. Since R centralizes G ≥ G′,
RG′ is a normal noncyclic abelian subgroup of G, and we may assume
that RG′ ≤ A. Since AutA ∼= D8 and G/A is abelian, it follows that
G  A = 22, i.e., m = 5.
Let M < G be maximal; by hypothesis, M is minimal nonmetacyclic. It
follows, by Theorem 1.1, that M ′ is of order 2 and M/M ′ ∼= E23 . Assume
that there is another maximal subgroup H of G such that H ′ = M ′. Then
H ′ ≤ H ≤ G < M and M/H ′ is nonabelian. We have M = H ′ ×
Q, where Q ∼= Q8, by Theorem 1.1. Since H/H ′ ∼= E8, considering the
intersection M/H ′ ∩ H/H ′, we get a contradiction (on the one hand, it
is the four group as a subgroup of H/H ′, and in the other hand, it is cyclic
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as a subgroup of M/H ′ ∼= Q8). Thus H ′ = M ′ for each maximal subgroup
H of G. It follows from Theorem 1.1(c,d) that all maximal subgroups of
G/M ′ are elementary abelian, and so is G/M ′. Then M ′ = G′ = G. To
prove that G is extraspecial, it sufﬁces to show that ZG = G′ Assume that
this is false. Then ZG = 4 since the center of every maximal subgroup
of G containing ZG is of order 4, by Theorem 1.1(c, d). If F is a maximal
subgroup of G not containing ZG (by assumption, ZG ≤ G′ = G);
then G = FZG. It follows that ZF ≤ ZG. On the other hand, since
ZF = 4 = ZG, we get ZF ≤ ZG, contrary to the choice of F .
Thus, ZG = G′ = G is of order 2, and so G is extraspecial. Next,
G = D8 ∗ Q8 (otherwise, G = D8 ∗D8 ∼= Q8 ∗ Q8 contains a subgroup of
order 24 isomorphic to D8 × C2, which is not minimal nonmetacyclic).
Lemma 1.3. Let G be a group of order 2m, m > 5. If all noncyclic sub-
groups of G of order 25 are minimal nonmetacyclic, then G is special of order
26 and ZG = !1G is of order 4.
Proof. As in the proof of Lemma 1.2, it follows from Theorem 1.1 that
expG = 4. Let K be a subgroup of order 2 in ZG ∩G′ and let A/K
be a noncyclic maximal abelian normal subgroup of G/K (Lemma I(a, g)).
By hypothesis, G/K has no elementary abelian subgroup of order 8, and
all subgroups of G/K of order 16 are minimal nonmetacyclic (Theorem
1.1(e)). It follows from Lemma 1.2 that G/K is extraspecial of order 25, so
m = 6 and G′ = 4. From this we deduce that G′ = G is of order 4.
If M/G is maximal in G/G, we have G = ZM and M/G
is elementary abelian, by Theorem 1.1(e) and Remark 3. If N/G is
another maximal subgroup of G/G, then again G = ZN. It fol-
lows that CGG ≥ MN = G, so G = ZG is of order 4, complet-
ing the proof, since G is noncyclic (Theorem 1.1(e)).
Theorem 1.4. Let G be a p-group such that whenever AB are non-
cyclic subgroups of G of the same order, then dA = dB. Then one of the
following holds:
(a) all proper subgroups of G are metacyclic;
(b) G is elementary abelian;
(c) G is a 3-group of maximal class not isomorphic to a Sylow 3-
subgroup of the symmetric group S9 of degree 9;
(d) G = !1GCp2 , where !1G is nonabelian of order p3 and expo-
nent p > 2;
(e) G is the group of Lemma 1.2;
(f) G is the group of Lemma 1.3.
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Proof. It is easy to check that groups (a)–(f) satisfy the hypothesis. We
may assume that G is not metacyclic and G > p3. Suppose that G has an
elementary abelian subgroup E of order p3. Assume that G has also a cyclic
subgroup Z of order p2. By Lemma I(a), G has a normal abelian subgroup
R of type pp. If Z ∩ R > 1, then RZ = E and dRZ = 2 < 3 =
dE, a contradiction. If Z ∩ R = 1, take a subgroup R1 of order p in
R∩ZG. Then R1Z = E and dR1Z = 2 < 3 = dE, a contradiction.
Thus Z does not exist so G is of exponent p. It follows that, for p = 2G
is elementary abelian. Let p > 2. Then G has no nonabelian subgroup of
order p3 and exponent p since E < G. Therefore, by Lemma I(i), G has no
minimal nonabelian subgroup so it is elementary abelian. In what follows
we assume that G has no elementary abelian subgroup of order p3.
Suppose that p > 2. By the result of the previous paragraph and by [Bla1,
Theorem 4.1(iii)] (see also [B2, Theorem 6.1]), one of the following holds:
(i) G is metacyclic. (ii) G = !1GC, where !1G is nonabelian of order
p3 and exponent p and C is cyclic with C  ZG ≤ p. (iii) G is a 3-group
of maximal class ∼= C3 wrC3. If G is as in (ii), then it is easy to check that
C ≤ p2. Groups from (i) and (iii) satisfy the hypothesis. The case p > 2
is complete.
In what follows, we assume that p = 2. Let H be a minimal nonmeta-
cyclic subgroup of least order in G. We may assume that H < G. By the
above and Theorem 1.1, H ∈ 24 25, and all subgroups of G of order 8
are metacyclic.
Suppose that H = 24. If K is a noncyclic subgroup of G of order 24,
then K is minimal nonmetacyclic since dK = dH = 3 and all maximal
subgroups of K are metacyclic, by the choice of H. It is easy to see that
expG < 24. Therefore, by Lemma 1.2, we get the group from (e).
Suppose that H = 25. Let K be a noncyclic subgroup of G of order
25; then dK = dH = 3. By the choice of H, every subgroup of K of
order 24 is metacyclic so K is minimal nonmetacyclic. It is easy to see that
expG < 25. Therefore, by Lemma 1.3, G is the group from (f). The proof
is complete.
Remark 4. Let G be a p-group, p > 2, such that whenever AB are
two noncyclic subgroups of the same order in G, then A  1A = B 
1B. We will show that then one of the following holds: (i) expG = p,
(ii) G is metacyclic, (iii) G is minimal nonmetacyclic of order 34. Indeed,
if G has a subgroup of order p3 and exponent p, then, as in the proof
of Theorem 1.4, expG = p. Otherwise, the result follows from [Bla1,
Theorem 4.1(iii)] (see also [B2, Theorem 6.1]). We suggest that the reader
also consider the case p = 2.
Proposition 1.5. If G is a p-group such that for every two noncyclic
subgroups AB of the same order we have c1A = c1B, then one of the
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following holds:
(a) expG = p.
(b) G is metacyclic not semidihedral.
(c) G is a 3-group of maximal class with c1G = 4.
(d) G is minimal nonmetacyclic of order 25.
(e) p = 2, G has a proper minimal nonmetacyclic subgroup of order 25,
c1G = 3, all subgroups of G of order < 25 are metacyclic, and all subgroups
of G of order 8 are abelian.
Proof. It is easy to check that groups (a)–(e) satisfy the condition of the
proposition.
If G has a subgroup of order p3 and exponent p, then, as in the proof of
Theorem 1.4, expG = p. In what follows we assume that G has no such a
subgroup. If G is metacyclic, Remark 3 shows that G is then a group from
(b). In what follows we assume that G is not metacyclic. Let p > 2. Then,
by [Bla2, Theorem 4.1(iii)], we obtain, in addition, a group from (c). Let
p = 2 and let H be a minimal nonmetacyclic subgroup of G. By Theorem
1.1, H = 25, since minimal nonmetacyclic groups of order 24 do not satisfy
the hypothesis. By Remark 3, all subgroups of order 8 in H are abelian of
type 4 2, so all subgroups of order 8 in G are of the same type. Let R
be a normal subgroup of type 2 2 in G. Assume that x ∈ G − R is an
involution. Then xR ∼= D8, contrary to what has just been said. Thus,
R = !1G, completing the proof.
Remark 5. We offer another proof of the following Huppert criterion: If
p > 2, then G is metacyclic if and only if G  1G ≤ p2 (compare with
Remark 1 in Section 3). By Lemma I(h), G is regular. Suppose that G is
a counterexample of minimal order; then !1G = G/1G = p2 and
G is not abelian. By induction, all proper sections of G are metacyclic. Let
Z be a subgroup of ZG ∩G′ of order p. Then there is a normal cyclic
subgroup K/Z of G/Z such that G/K is cyclic, by induction. Since G is not
metacyclic, K is noncyclic abelian with cyclic subgroup of index p. Assume
that K/Z = p; then !1G = K. Since K ≤ G, there exists a maximal
subgroup M of G not containing K. Since K ≤ M , we get !1M = p,
M is cyclic, and so G is metacyclic, a contradiction, unless G′ = p2. Thus
K/Z = pn > p. In this case, obviously, !1G = !1K ≤ ZG since
n−1K < ZG. Assume that G′ is not cyclic. Then !1G ≤ G′. If
Z1 ≤ G′ is another subgroup of order p contained in ZG ∩G′, then
by induction, G′/Z and G′/Z1 are cyclic, a contradiction, unless G′ = p2.
Thus G′ = !1G, and so G is of class two. If x y ∈ G, then 1 = x yp =
x yp, and so yp ∈ ZG. This means that G = 1G = ZG, so G is
minimal nonabelian. Then, by Lemma I(i), G′ = p, a contradiction. Hence
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G′ is cyclic. Let G′ = p. As in the previous paragraph, 1G = ZG,
and so G is minimal nonabelian. We have G/G′ = A/G′ × B/G′, where
A/G′, B/G′ are cyclic. Since A ∩ B = G′ and !1G = !1A!1B is of
order p2, one of the subgroups A, B, say A, is cyclic. In that case, G is
metacyclic. Let G′ > p and let Z = !1G′. By induction, G/Z has a
normal cyclic subgroup C/Z such that G/C is cyclic. Then G′ < C. Since
Z ≤ G′ ≤ C and C/Z is cyclic, it follows that C is also cyclic. In
that case, G is metacyclic, completing the proof.
2. 2-GROUPS WITH EXACTLY TWO CYCLIC SUBGROUPS OF
ORDER 2n > 2
In this section we classify the 2-groups G with cnG = 2 n > 1. Since
the number of cyclic subgroups of order 2n > 2 in G is even unless G is
cyclic or of maximal class (Section 6, Remark 3), we get the description of
the 2-groups G with cnG < 22, n > 1.
Recall [B2, Sect. 8] that a p-group G is said to be an Lw-group for w ∈ 
if !1G is of order pw and exponent p andG/!1G is cyclic of order > p.
In particular, an L2-group either is abelian of type ppn or Mpm .
Remark. We claim that if G is a p-group of maximal class then !2G =
G. Indeed, this is true if G ≤ pp+1, by [Hup, Hilfssatz 14.14]. In the case
where G > pp+1, we will use induction on G. In that case, G has exactly
p subgroups M1 
 
 
 Mp of maximal class and index p, so by induction,
!2G ≥M1 
 
 
Mp = G.
Lemma 2.1. Let G be a group of order pm, m > p + 1, satisfying
!2G ≤ pp+1. Then one of the following holds:
(a) G is an Lp-group.
(b) G is absolutely regular.
(c) p = 2, G is metacyclic, and
G=ab a2m−2 =b8=1ab=a−1+i·2m−3a2m−3=b4m>4 i∈01

Proof. Clearly, groups from (a) and (c) satisfy the hypothesis.
Suppose that G is not absolutely regular. Since m > p + 1, we get
!2G = G, so G is not of maximal class by the remark preceding the
lemma. Then by [Bla1, Theorem 1.1] (see also Theorem 7.6, here), G has
a normal subgroup M of order pp and exponent p. By hypothesis, G/M
contains only one subgroup of order p so it is either cyclic or general-
ized quaternion. Assuming M < !1G, it is easy to show that !1G is of
order pp+1 and exponent p (see the proof of [B2, Lemma 7.1]), contrary
to the hypothesis. Thus, M = !1G is of exponent p, so p = !2G/M.
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If G/!1G is cyclic, G is an Lp-group. In what follows we assume that
G/M is generalized quaternion; then p = 2 and m > 4. In that case, !2G
is abelian of type 4 2, so G is metacyclic, by Remark 2(i) in Section 1.
Since dG/M = 2 = dG, we get M < G. Next, M = !1G.
As G is not of maximal class, G  G′ > 4, by Lemma I(c). It follows
from G/M  G/M′ = 4 that M ≤ G′, i.e., G′ has only one subgroup of
order 2 so it is cyclic, by Lemma I(f). Then G/G′ is abelian of type 4 2.
Take in G/M a nonabelian subgroup F/M or order 8; then F/M
is ordinary quaternion. In this case, F ′ = 4 since F ′ ∩ M = 2, so
M ≤ ZF (otherwise, F is minimal nonabelian and F ′ = 2). It follows
that CGM/M is cyclic of index 2 in G/M , so CGM is abelian of type
2m−2 2 (indeed, if CGM/M contains a nonabelian subgroup, say F/M ,
of order 8, then by what has just been proved, M ≤ ZF, which is not the
case). It follows that G is abelian of type 2m−3 2.
As G is metacyclic and G/G′ is abelian of type 4 2, G′ is a subgroup of
index 2 in a cyclic subgroup U such that G/U is cyclic of order 4. It follows
from Section 1, Remark 3, that any subgroup of order 8 in G is cyclic or
abelian of type 4 2.
Let us ﬁnd ZG. By the above, ZG ≤ 4. Let m = 5. Then G has
exactly three maximal subgroups: CGM, which is abelian of type 8 2,
H1 ∼= M24 ∼= H2. As ZHi = Hi < G < CGM, we get Hi ≤
ZG, i = 1 2. As ZG < 8, we see that ZG = Hi (i = 1 2) is
cyclic of order 4. Let m > 5. Take in G/M a nonabelian subgroup F/M of
order 8. Then, by the above, ZF is cyclic of order 4 and ZF < F <
G < CGM. Again ZF ≤ ZG, since CGZF ≥ CGMF = G,
so ZG = ZF is cyclic of order 4. As G/ZG ∼= D2m−2 , the class of G
is m− 2. It follows from ZF ≤ F ′ that ZG ≤ G′ since G′ is cyclic. It is
easy to see that G has the same deﬁning relations as in (c) (I am indebted
to D. Passman, who reported these deﬁning relations to me 30 years ago
[Pas1]) and ZG = b2.
A group of Lemma 2.1(c) has also appeared in [Pas2] and in [J, Theorem
1.1(c)].
It is known [B3, Sect. 5] (see also Theorem 7.11, below), that if a group
G of order 2m is not cyclic and is not a 2-group of maximal class and r ∈ 
is such that 1 ≤ r < m, then the number of subgroups of order 2r in G
is ≡ 3 mod4. It is natural, therefore, to consider the groups G in which,
for some r, the number of subgroups of order 2r is exactly 3. We shall see
that such a situation is fairly rare if 1 < r < m− 1.
Proposition 2.2 (Compare with [Bla1, Theorem 5.2]). Suppose that G
is a group of order 2m > 24 and, for some ﬁxed r ∈  satisfying 2 ≤ r <
m − 1,G has exactly three subgroups of order 2r . Then one of the following
ﬁnite p-groups 483
holds:
(a) either G is abelian of type 2m−1 2 or else G ∼=M2m ;
(b) r = 2 and G is a group of Lemma 2.1(c).
Proof. Groups (a) and (b) satisfy the hypothesis of the theorem.
Assume that G has two distinct noncyclic subgroups H1 and H2 of order
2r+1. Then H1 and H2 contain together at least ﬁve distinct subgroups of
index 2, which is not the case. Thus G has at most one noncyclic subgroup
of order 2r+1. In view of Lemma I(g, a), one may assume that G has a
normal subgroup R of type 2 2. By what has just been proved, G/R
has only one subgroup of order 2r−1. It follows that either G/R is cyclic
or generalized quaternion. If G/R is cyclic, G is a group from (a). Now
suppose that G/R ∼= Q2m−2 ; then r = 2. In that case, !2G = 23, so G is
a group of Lemma 2.1(c).
Note that the case r = 1 in Theorem 2.2 was investigated in [Kon]; see
also [Rus] for a stronger result. However, the 2-groups G with c1G = 3
are not classiﬁed.
Proposition 2.3. It is easy to show that if a 2-group G has exactly one
noncyclic subgroup of order 2r+1 r > 1, then one of the following holds G =
2m r < m: (i) G is abelian of type 2m−1 2; (ii) G ∼= M2m ; (iii) G is a
group of Lemma 2.1(c) with r = 1. Suppose that a group G of order pm,
p > 2, has exactly one noncyclic subgroup of order pr+1 for some ﬁxed r with
1 ≤ r < m− 1. Then one of the following holds:
(a) for r = 1, G is metacyclic or is a 3-group of maximal class without
subgroups of order 33 and exponent 3.
(b) for r > 1, G has a cyclic subgroup of index p; in that case, G is
abelian of type pm−1 p or is Mpm .
Proof. If r = 1, G has no subgroup of order p3 and exponent p; in
that case we obtain groups from (a), by [Bla1, Theorem 4.1(iii)]. If r > 1,
repeating, word for word, the proof of Proposition 2.2, we obtain groups
from (b).
The main result of this section is the following.
Theorem 2.4. Suppose that a group G of order 2m has exactly two cyclic
subgroups U and V of order 4; set A = UV . Then A is abelian of type
4 2 and one of the following holds:
(a) !2G = 8 (see Lemma 2.1).
(b) G = D2m−1 × C2.
(c) U and V are normal in G, G  CGU = 2 = G  CGV  and
all elements in I = G − CGU ∪ CGV  are involutions, !2CGU =
A = !2CGV . If z ∈ I, then CGz is elementary abelian of order 8.
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Set D = I; then D is maximal in G, the subgroup C = D∩CGU is abelian
of type 2m−3 2, D− C = I. Next, G contains exactly 2m−2 + 3 involutions.
Proof. Clearly, G  NGU ≤ 2 and NGU contains V (otherwise U is
characteristic in NGU and then NGU = G contains V ), i.e., V normal-
izes U , and, by symmetry, U normalizes V . It follows that A = UV , and it
is easy to check, using c2A = 2, that A is abelian of type 4 2.
Suppose that U ≤ ZG. If x is an involution in G − U . then xU =
x × U contains two distinct cyclic subgroups of order 4. It follows that
xU = UV = A, x ∈ A, so A contains all elements of G of order ≤ 4.
In that case, !2G = A is of order 8, so G is a group from (a). In what
follows we assume that UV ≤ ZG. In particular, expZG = 2.
Obviously, A is normal in G. Set H = CGA. Then G/H is isomorphic
to a subgroup of AutA ∼= D8. By the result of the previous paragraph,
!2CGU = A, so CGU is a group from (a). Moreover, !2H = A
and ZH ≥ A is not cyclic, so H is abelian with cyclic subgroup of index
2, by Lemma 2.1.
In the sequel we assume that !2G > A. Then G − A contains an
involution y; since by the previous paragraph, !1H = !1A, we see that
y ∈ G−H.
Suppose that all elements in G −H are involutions. Then G  H = 2
and H is abelian of type 2m−2 2 since H is the H2-subgroup of G. In this
case, G = D2m−1 × C2, the group from (b), since every element of G −H
inverts H. In what follows we assume that there is in G −H an element
x such that ox > 2; then ox > 4 since all elements of order 4 lie in
A ≤ H.
Assume that G  H = 8; then G/H ∼= D8. Let x be an element such that
x2 ∈ H. Suppose, for deﬁniteness, that U < x. We see that then CGU ≥
xH, and the last subgroup is of index 2 in G. Then G  CGU = 2
since U ≤ ZG. If UV are conjugate in G, then G  CGV  = 2. If U , V
are not conjugate in G, then V is normal in G, and again G  CGV  = 2.
Since in that case CGUV  = H = CGU ∩ CGV , we see that G  H ≤
4, a contradiction. Thus, G  H < 8.
Assume that G/H is cyclic, G = xH. If ox > 4 (by the above, such
x exists) and, say, U < x, then CGU = G, U ≤ ZG, contrary to what
has been proved already.
It remains to consider the case where G/H is abelian of type 2 2.
Let x ∈ G − H be not an involution and suppose that U < x. Then
G  CGU = 2. As above, we also have G  CGV  = 2. Since G 
H = 4, we have H = CGU ∩ CGV , so CGU = CGV . Set I =
G − CGU ∪ CGV  and take z ∈ I. CGz has no element of order
4, so it is elementary abelian for all z ∈ I. Since G is not of maximal
class, CGz > 4, by Suzuki’s Theorem (see [B7, Proposition 19(b)]).
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Since G = CGUCGz, we see, by the product formula, that CGz ∩
CGU = !1CGU = !1A, so CGz is elementary abelian of order 8.
Recently Janko classiﬁed 2-groups with self centralizing elementary abelian
subgroup of order 8. In particular, all elements of the set I centralize
!1A. Set D = I. Since I = 2m−2 and 1 ∈ I, we get D ≥ 2m−1. By the
above, CG!1A ≥ I = D. It follows from G > CGU > H = CGA
and A = U!1A that !1A ≤ ZCGU, so !1A ≤ ZG. Therefore,
D < G, so that G  D = 2 and CG!1A = D. Set C = CGU ∩D; then
C = 2m−2, by the product formula, and c1C = 3, since exactly three invo-
lutions centralize U . It follows that all elements in D − C are involutions
(recall that I ⊂ D and I ∩ CGU is empty; next, D − C = 2m−2 = I).
We deduce from G = CGU ∪ CGV  ∪D that the number of involutions
in G is 2m−2 + 3. The proof is complete.
Clearly, for G from Theorem 2.4(c), D = !2G.
Recall that a 2-group G is said to be a U-group [B2, Sect. 8] if
(U1) G has a normal abelian subgroup R of type 2 2,
(U2) G/R is of maximal class, and
(U3) if T/R is a cyclic subgroup of index 2 in G/R, then !1T  = R.
It is clear that groups of Lemma 2.1(c) are U-groups. If G is a U-group
of exponent ≥ 2n > 23, then, as it is easy to check, cnG = 2.
Theorem 2.5. Let n > 2 and let G be a group of order 2m, m > n. If G
has exactly two distinct cyclic subgroups of order 2n, then G is either an L2-
or a U-group.
Proof. Since G is not of maximal class, it has a normal subgroup R of
type 2 2 (Lemma I(a)). Let Z1 be cyclic of order 2n. Set H = Z1R. If
Z1 ∩ R = 1, then
cnH =
H − !n−1H
ϕ2n = 4 > 2 = cnG
a contradiction. Thus, H is an L2-group. Note that H is generated by its
cyclic subgroups of order 2n. Therefore it follows from cnG = 2 = cnH
that H is the unique L2-subgroup of G of order 2n+1, and the result now
follows from [B2, Theorem B(p)] with p = 2.
Note that for n = 3, there exist U-groups G with cnG > 2 (for example,
the group of Lemma 2.1(c)); for n > 3 this is impossible.
3. EXTENSIONS OF SOME OF BLACKBURN’S THEOREMS
In this section we offer alternative proofs of some important theorems
of Blackburn. In many cases we prove stronger results.
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Below we will prove some characteristic properties of metacyclic p-
groups. Their proofs are based on the following elementary but important
theorem.
Theorem 3.1 [Bla2, Theorem 2.3]. Let G be a p-group.
(a) If G/G′K3G is metacyclic so is G.
(b) If G/G′ is metacyclic so is G.
(c) If G/K3G is metacyclic so is G.
(d) If dG = 2 and G is not metacyclic then
G/G′K3G=ab ap
m=bpn=1 ab=ccp=1 ac=bc=1
and G/G′K3G = 2m+n+1.
Obviously, parts (b) and (c) of Theorem 3.1 follow from part (a) since
groups of part (a) are epimorphic images of groups of parts (b) and (c).
Lemma 3.2. Suppose that G = a b is a group of order pm+n+1 > p3,
m ≥ n, with the deﬁning relations apm = bpn = 1 a b = c cp =
1 a c = b c = 1. Then G is minimal nonabelian and ap b c =
ap × b × c is an abelian subgroup of G of rank three. If mn > 1 then
all maximal subgroups of G have no two generators.
Proof. The class of G equals 2. Therefore, 1 = cp = a bp = ap b =
a bp so K = ap bp c = ZG, since K ≤ ZG and G  K = p2. The
remaining assertions follow.
Remark 1. Groups of Lemma 3.2 appear as factor groups G/G′
K3G of 2-generator nonmetacyclic p-groups G, by Lemma 3.1. This
allows us to prove again the following Huppert criterion [Hup, Satz 3.11.4]:
A p-group Gp > 2, is metacyclic if G/1G ≤ p2. Indeed, assume
that G is not metacyclic. As dG = 2, we see that G = G/G′K3G
is a group of Lemma 3.2. In this case, however, since G is of class
2, we have  G/1G = !1G = p3, which is not the case since
p2 = G/1G ≥ G/1G = !1G (for another proof, see Section 1,
Remark 5).
Theorem 3.3. Let G be a 2-group, P is a 2-subgroup of AutG. If G
and all P-invariant maximal subgroups of G are generated by two elements,
then G is metacyclic.
Proof. Assume that G is a counterexample of minimal order. By
Theorem 3.1, G′K3G = 1, since G′K3G is P-invariant and
G/G′K3G is not metacyclic. Then G is a group of Lemma 3.2; we
retain the notation of that lemma, assuming that m ≥ n (then, by assump-
tion, m > 1). All 2 + 1 = 3 maximal subgroups of G are abelian. If,
in addition, n > 1, all maximal subgroups of G are not generated by two
elements (Lemma 3.2). Then G has a P-invariant maximal subgroup, which
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is a contradiction. Let n = 1. Since G/G′ is abelian of type 2m 2, setting
H = !1G, we see that H is a characteristic abelian subgroup of G of type
2 2 2. Let M/H be a P-invariant subgroup of index 2 in G/H. Then M
is an abelian P-invariant maximal subgroup of G and dM = dH = 3,
which is not the case. Thus G is metacyclic, as desired.
It follows from Theorem 3.3 that (Blackburn) a 2-group G is metacyclic
if and only if G and all of its maximal subgroups are generated by two
elements.
Theorem 3.4. If G is a 2-group and G/2G is metacyclic, so is G.
Proof. Since 2G ≤ G, we get dG ≤ 2. Let M be a maximal
subgroup of G. Since G/M is of exponent at most 4, it follows that
2G ≤ M. Next, G/M is metacyclic as an epimorphic image of
G/2G. In this case, M/M is generated by two elements. It follows
that dM = dM/M ≤ 2, and the result follows from Theorem 3.3
since M is an arbitrary maximal subgroup of G.
It follows from Theorems 3.1 and 3.4 that a 2-group G is metacyclic if
and only if G/G′K3G2G is metacyclic. By Remark 1, Theorem 3.4
is also true for p-groups, p > 2 (however, in that case, Huppert’s criterion
is stronger). Now we will use the above criterion to prove the following
result of Ito and Ohara [IO1, 2]. If a nonmetacyclic 2-group G is a product
of two cyclic subgroups, then G/G′ is of type 2m 2. Indeed, by the above,
G = G/G′K3G is nonmetacyclic, so G is a group of Theorem 3.1(c)
with m ≥ n. It remains to show that n = 1. Assume that n > 1. Then
H = G/2G is a group of Theorem 3.1(c) with m = n = 2. We have
expH = 4 and H = 25, so H is not a product of two cyclic subgroups,
by the product formula. Thus, n = 1, as required.
We see that Theorem 3.3 follows from Theorem 3.1. Conversely,
Theorem 3.5. For p = 2, Theorem 3.1 follows from Theorem 3.3 with
P = 1.
Proof. Suppose that G is a 2-group such that G/G′K3G is meta-
cyclic and Theorem 3.3 is true. We have to prove that G is metacyclic. Since
G′K3G ≤ G′ ≤ G, we get dG ≤ 2. We may assume that G is
nonabelian. By Theorem 3.3, it remains to show that every maximal sub-
groupM ofG is generated by two elements. Assume that this is false and let
dM > 2 for some maximal subgroup M of G. Then M/M ≥ 23. Let
T/M be a G/M-invariant subgroup of index 23 in M/M. Then
G/T  = 24 and G/T is not of maximal class since M/T ∼= E23 . It follows
that G/T is of class 2, and so K3G ≤ T . In that case, G/T ′ = 2, by
Lemma I(c). By the choice of T , G/T is not metacyclic. Let Z/T = G/T ′;
then G′ ≤ Z. It follows that G′ ≤ Z ≤ T since Z  T  = 2. Thus,
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G′K3G ≤ T . In that case, G/G′K3G is not metacyclic as its epi-
morphic image G/T is not metacyclic, a contradiction.
Theorem 3.6 (Compare with [Bla1, Theorem 4.2]). Let G be a p-
group, p > 2, and P is a p-subgroup of AutG. Suppose that G and all
P-invariant maximal subgroups of G are generated by two elements. Then
either G is metacyclic or G/K3G is of order p3 and 1G = K3G.
Proof. We are working by induction on G. Suppose that G is not meta-
cyclic. Since a group of order p4 contains a P-invariant abelian subgroup
of order p3, we get G/1G ≤ p3. By Remark 1, G/1G ≥ p3,
so G/1G = p3. Since dG = 2, G/1G is nonabelian. Set D =
G′K3G; obviously, D is P-invariant and D ≤ 1G since G′,
K3G ≤ 1G, by order considerations. By Theorem 3.1, G/D is a group
of Lemma 3.2. Therefore, G/D = p3 = G/1G (otherwise, G/D has
a P-invariant maximal subgroup that is not generated by two elements),
so D = 1G. Since D < G′, it follows that G/G′ = p2. Assume that
K3G < 1G. To obtain a contradiction, we may assume that K3G =
1; then D = G′. Since G is of class two and has two generators,
we conclude that G′ is cyclic and G is regular, so we get !1G = G 
1G = p3. By the product formula, G = G′!1G, so G = !1G since
G′ ≤ G. Thus, expG = p, so 1G = 1, a contradiction, since, by
assumption, K3G < 1G.
Theorem 3.7 [Bla1, Theorem 5.1]. Let G be a group of order 2m, where
m ≥ 5, and suppose that for some ﬁxed integer r satisfying 5 ≤ r ≤ m, all sub-
groups of G of orders 2r−1 and 2r have two generators. Then G is metacyclic.
Proof. By Theorem 3.3, every subgroup of G of order 2r is metacyclic.
By Theorem 1.1, G has no minimal nonmetacyclic subgroup (since r ≥ 5)
so it is metacyclic.
Theorem 3.8 (Compare with [Bla1, Theorem 4.1(i),(ii)]). Let G be a
normal subgroup of a p-group W , p > 2, G = pm, m ≥ 6. Suppose that all
W -invariant subgroups of G of order pr have two generators for some ﬁxed r
satisfying 4 ≤ r ≤ m− 2. Then G is metacyclic or a 3-group of maximal class.
Proof. (a) We prove this ﬁrst for r = 4. Suppose that G is neither
metacyclic nor a 3-group of maximal class. Then, by [Bla1, Theorem
4.1(iii)], G has a W -invariant elementary abelian subgroup E of order p3.
If G = !1GC, where !1G is nonabelian of order p3 and exponent
p4 and C is cyclic, C > p2, then G contains a W -invariant subgroup H
of order p4 = p2 with dH = 3  H/!1G is a subgroup of order p in
G/!1G. Let N be a W -invariant subgroup of order p in E. By hypothe-
sis, G/N has no W/N-invariant elementary abelian subgroup of order p3.
Then [Bla1, Theorem 4.1(iii); B7, Theorem G] one of the following holds:
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(i) G/N is metacyclic, (ii) G/N is a 3-group of maximal class, or (iii)
G/N = !1G/NC/N, where !1G/N = p3 and C/N is cyclic with
C/N ≥ p3 since m ≥ 6. We will consider these three cases separately.
(i) Suppose that G/N is metacyclic. Then G/E is also metacyclic,
so its exponent >p since m ≥ 6. Since p2 does not divide expAutE,
by Lemma I(d), we have CGE > E and CGE is W -invariant. If A/E
is a W/E-invariant subgroup of order p in CGE/E, then A is an abelian
W -invariant subgroup of G of order p4 = pr with dA ≥ dE = 3, which
is not the case.
(ii) Suppose that G/N is a 3-group of maximal class. Assume that
G is not of maximal class. Then ZG = 32. It is easy to show that ZG
is of type 3 3 (otherwise, G has no W -invariant subgroup of type 3 3,
contrary to Lemma I(a)), and since ZGE is a G-invariant elementary
abelian subgroup we may assume that ZG < E. Since the center of a
Sylow 3-subgroup of the holomorph of E is of order 3 and AutE3 = 33 ≤
G  E, it follows that CGE > E. If A/E is a W/E-invariant subgroup of
order 3 in G/E, then A is an abelian W -invariant subgroup of G of order
34 = 3r with dA ≥ dE = 3, contrary to the hypothesis.
(iii) Suppose that G/N = !1G/NC/N , where C/N is cyclic and
!1G/N is nonabelian of order p3 and exponent p. Then G/E is meta-
cyclic, so its exponent is greater than p, in view of m ≥ 6. By Lemma
I(d), CGE > E, and we obtain a contradiction as in (i) or (ii). Thus the
theorem is true for r = 4.
(b) If 4 < r ≤ m− 2, we use induction on r. By Lemma I(b), G is not
of exponent p, so 1G > 1. Let N be a W -invariant subgroup of order
p in 1G. By induction, G/N is metacyclic or is a 3-group of maximal
class.
(i) Suppose that G/N is metacyclic. Then G  1G = G/N 
1G/N ≤ p2, so G is metacyclic, by Huppert’s criterion (Remark 1 in
this Section).
(ii) Suppose that G/N is a 3-group of maximal class. Since m ≥ r +
2 ≥ 7, the class of G is at least m− 2 ≥ 5. In that case, we may assume that
N ≤ 1G ∩K4G. Then G/K4G is of maximal class as an epimorphic
image of G/N , so G is also of maximal class, by Theorem 5.1(b) (see also
the paragraph following that theorem). This ﬁnal contradiction completes
the proof.
The case r = 3 of Theorem 3.8 was considered in [Bla1, Theorem 4.1(iii)]
and [B2, Theorem 6.1]. If W = G, Theorem 3.8 coincides with [Bla1,
Theorem 4.1(i,ii)].
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Remark 2. We claim that if all characteristic subgroups of a 2-group G
are generated by two elements, then G is metacyclic. Suppose that G is a
counterexample of minimal order. By assumption, dG = 2. Since D =
G′K3G is characteristic in G and G/D is not metacyclic, by Theorem
3.1(a), we get D = 1, by induction. By Theorem 3.1, G is a 2-group
from Lemma 3.2 with m > 1 (we retain the notation of that lemma). Then
!1G is a characteristic elementary abelian subgroup of G of order 23, a
contradiction. (Note that the proven result does not generalize Theorem
3.3 and does not follow from that theorem.)
The following theorem generalizes Theorem 1.1.
Theorem 3.9. Let G be a nonmetacyclic p-group. Suppose that all proper
normal subgroups of G have two generators. Then one of the following holds:
(a) G is minimal nonmetacyclic.
(b) G is a 3-group of maximal class and order 3m that is not isomorphic
to a Sylow 3-subgroup of the symmetric group S9 of degree 9.
(c) For p > 2, G = !1GCp2 , !1G is nonabelian of order p3 and
exponent p.
Proof. We may assume that G > p3.
(i) Let p > 2. By [B7, Theorem 6], G has no elementary abelian
subgroup of order p3. By [Bla1, Theorem 4.1(iii)], G is one of the groups
(a)–(c). Hence one can conﬁne to 2-groups.
(ii) Let p = 2. We must prove that G is minimal nonmetacyclic. Let
M be an arbitrary maximal subgroup of G. By hypothesis, dM ≤ 2, and
all characteristic subgroups of M are generated by two elements, so M is
metacyclic, by Remark 2 (this section), and our claim follows.
Remarks. 3. Let W = D24 × C2 and D23 × C2 = G < W . All proper
W -invariant subgroups of G have two generators; however, G is not a group
of Theorem 3.9, i.e., the “p-operator” form of Theorem 3.9 is not true.
4. If G is a nonmetacyclic p-group, p > 2, all of whose characteris-
tic subgroups have two generators, then G/G′K3G is nonabelian of
order p3 and exponent p (see the proof of Theorem 3.6). However, the
classiﬁcation of such groups is fairly difﬁcult.
4. 2-GENERATED G-INVARIANT SUBGROUPS OF G ARE
METACYCLIC
It is known that a normal subgroup N of an arbitrary group G contained
in G must have a very special structure. For example, N cannot be a
2-group of maximal class. Suppose that N ∼= Q8. Let Z be a characteristic
(cyclic) subgroup of order 4 in N . Then Z is normal in G, so G  CG
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Z = 2, and Z centralizes G, so N , a contradiction. Now let N ∼=
Q8. Then G/CGN is isomorphic to a subgroup of the symmetric group
of degree 4 and NCGN/CGN ∼= N/ZN ∼= E4. It is easy to check
that N/ZN ≤ G/ZN, and this is a contradiction. In this section we
consider the case whereG is a p-group and dN = 2. In 1968, I announced
that such N must be metacyclic [B4]. Now we will prove that theorem, using
the results of Section 3.
In the proof we use the following partial case of Theorem 9.2: If a non-
abelian group G of order p4 possesses an automorphism of order p3, then
p = 2 and G is dihedral or generalized quaternion.
Theorem 4.1 [B4]. Let N be a normal subgroup of a p-group G such
that N ≤ G and dN = 2. Then N is metacyclic.
Proof. Suppose that G is a counterexample of minimal order. Then N
is nonabelian.
(i) Let p > 2. Then, by Section 3, Remark 1, N/1N ≥ p3. Since
N/1N is not metacyclic and 1N is normal in G, we get 1N = 1,
by induction; then expN = p. Let T be a G-invariant subgroup of index
p3 in N . Since dN/T  = 2, N/T is nonabelian of order p3 and exponent
p, so, by induction, T = 1, contrary to Lemma I(f). This completes the
proof in the case p > 2.
(ii) Let p = 2. By Theorem 3.1(a), N/N ′K3N is not metacyclic,
so, by induction, N ′K3N = 1, since that subgroup is normal in G.
By Theorem 3.4, N/2N is not metacyclic so 2N = 1 again. Thus,
N is a group of Lemma 3.2 with m = 2, n ≤ 2, i.e.,
N = a b  a4 = b2n = 1 a b = c c2 = 1 a c = b c = 1

Assume that n = 2. Then, by Lemma 3.2, every maximal subgroup of N
is abelian of type 4 2 2. Let M be a G-invariant maximal subgroup
of N . Then 1M is normal in G and N/1M is nonmetacyclic, since
M/1M ∼= E8, a contradiction. Thus, n = 1 and m = 2; then N = 24.
By Hall, AutN divides N222 − 122 − 2 = 25 · 3. Since N/N ′
is abelian of type 4 2, its automorphism group is dihedral of order 8.
By [Hup, Satz 3.3.18], 3 does not divide AutN so AutN is a 2-group
of order ≤ 25. Let α be a nonidentity automorphism of N . Then aα =
arbsct bα = a2ubcv cα = c, where r ∈ −1 1, s t u v ∈ 0 1. The direct
calculations show that aα
2 = a1+2kcd, bα2 = bck for some k d ∈ 0 1. It
follows that α2 has one of the following forms: (i) a → acd b → b, (ii)
a→ a3cd b→ bc; (iii) a→ a3cd b→ bc, where d ∈ 0 1. We see that
if α2 = idN , then α2 a→ a1+2kcx b→ bck for some k x ∈ 0 1.
By Lemma I(e), InnN ≤ AutG = 1AutG, so every inner
automorphism β of N is a product of squares of restrictions of automor-
phisms of G to N (these squares commute, by Lemma I(f)). It follows
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that aβ = a1+2wcz bβ = bcw for some w z ∈ 0 1. Assume that the
inner automorphism β of N , induced by the action of a, is contained in
1AutG. We have a1+2w =aβ = a and bcw =bβ = bc. It follows
from the ﬁrst equality that w = 0 and from the second one that w = 1.
This contradiction completes the proof.
B. W. King [Kin] determined all N of Theorem 4.1.
Remark. Let a p-group G = Z1Z2, where Z1 and Z2 are cyclic. Then
G/1G = Z11G/1GZ21G/1G is a product of two sub-
groups of order ≤p so G  1G ≤ p2. In that case, if p > 2, G is
metacyclic, by Section 3, Remark 1. Now let p = 2 and G is noncyclic; then
Z1 Z2 ≤ G. We have 1Zi ≤ G, i = 1 2, G  G = 22, and,
by the product formula, G = 1Z11Z2 (it is essential that Z1 and
Z2 are cyclic), i.e., dG ≤ 2. By Theorem 4.1, G is metacyclic. If A
is a proper subgroup of G, then AG  G ≤ 2, so dA ≤ 3 since
G is metacyclic. Thus, every subgroup of G is of rank at most three.
The 2-group G of Lemma 3.2 with m = 2 and n = 1 is a product of two
cyclic subgroups of order 4 and d!1G = 3. Indeed, G = 1G is of
type 2 2. Therefore, there exist x y ∈ G such that x2 and y2 are distinct
involutions in G. Then G = xy, by the product formula. (By Ito’s
Theorem [Ito], G′ is abelian if it is a product of two abelian subgroups.)
5. CHARACTERIZATION THEOREMS
First we prove the following.
Theorem 5.1. Let G be a p-group.
(a) Let r ∈  be such that r > 2 and G > pr . If G/KrG is of max-
imal class and N is a G-invariant subgroup of index p in KrG, then G/N
is also of maximal class. In particular, if r < p+ 1, then expG/KrG = p.
(b) Suppose that G has only one normal subgroup T of index pp+1. If
G/T is of maximal class, so is G.
Proof. (a) Assume that G/N is not of maximal class. Then G/N is
of class r − 1, so KrG ≤ N , which is not the case. The second assertion
follows from [Hup, Hilfssatz 3.14.14], applied to G/N .
(b) By hypothesis, G  G′ = p2, so G′ = G. Therefore, if p = 2,
then G  G′ = 4, so G is of maximal class, by Lemma I(c). In what follows
we assume that p > 2. Since T < G, we get dG = 2. We may assume
that T > 1, i.e., G > pp+1. Since G/T is irregular of order pp+1 [Hup,
Satz 3.14.21], expG/T  = p2. It follows that G/T has a maximal sub-
group H/T of exponent p2; obviously, H/T is absolutely regular. Assume
that H is not absolutely regular. Then H/1H ≥ pp, so H/1H has
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a G/1H-invariant subgroup S/1H of index pp. We have G/S =
pp+1. By hypothesis, S = T , a contradiction since expH/T  = p2 > p =
expH/S. Thus, H is absolutely regular.
Assume that G is not of maximal class. By [Bla1, Theorem 2.1] (see
also Theorem 7.5, here), G = H!1G and !1G ∩ H = !1H; here
!1G is of order pp and exponent p. In that case, we have G/!1H =
H/!1H × !1G/!1H. It follows that G/!1H  G/!1H′ ≥
p3 > p2 = G  G′, a contradiction.
If G ≥ pp+1 and G/Kp+1G is of maximal class, then Kp+1G is the
unique normal subgroup of G of index pp+1, and so G is of maximal class,
by Theorem 5.1(b). For another proof of this result (due to Blackburn), see
[Man1].
Theorem 5.2. Let G be a p-group of maximal class, p > 2. If G has
a subgroup H such that dH > p − 1, then G is isomorphic to a Sylow
p-subgroup of the symmetric group Sp2 of degree p2.
Proof. We are working by induction on G. By hypothesis, G ≥ pp+1.
It is known that G has an absolutely regular subgroup T of index p. Con-
sideration of T ∩H shows that dH = p.
Let G = pp+1. Then H is elementary abelian of order pp and H = F ×
ZG for some F < H such that H  F  = p. Since FG =
⋂
x∈G Fx = 1
and G  F  = p2, G is a subgroup of Sp2 . and the claim follows since
Sp2 p = G.
Assume that G > pp+1. Let H ≤ M < G, where M is maximal in G.
Since M is not absolutely regular, it is of maximal class. By induction, M
is isomorphic to a Sylow p-subgroup of Sp2 . Next, H is characteristic in M ,
by Lemma I(k). Then H is normal in G. Since a p-group of maximal class
and order >pp+1 has no normal subgroup of order pp and exponent p, we
get a contradiction. The proof is complete.
In particular, a p-group of maximal class, p > 2, has no proper epimor-
phic image isomorphic to a Sylow p-subgroup of Sp2 (Blackburn). Theorem
5.2 is not true for p = 2.
Now we will offer another proof of the fact that p-groups G of order
p2n+e > p2, e ∈ 0 1, with the class number kG = pe + p2 − 1n are
of maximal class [Pol]. By Hall’s Theorem [BZ, Theorem 30.2.1], kG =
pe + p2 − 1n + tGp − 1 for some integer t = tG ≥ 0. The class
number of a p-group G is as small as possible if and only if tG = 0, i.e.,
when kG = pe + p2 − 1n. We will prove, using elementary character
theory, that G is then of maximal class. We are working by induction on
G, assuming that G > p3. Let N be a subgroup of order p in G′ ∩ZG.
It follows from the proof of [BZ, Theorem 30.2.1] that tG/N ≤ tG = 0,
soG/N is of maximal class, by induction. It sufﬁces to show that N = ZG.
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Let IrrG be the set of complex irreducible characters of G. Suppose
that e = eG = 1. Then kG/N = 1+ p2 − 1n since tG/N = 0 = eG/N .
In that case kG − kG/N = p − 1. Thus, if IrrG  N = IrrG −
IrrG/N, then IrrG  N = p− 1. If IrrG  N = χ1 
 
 
  χp−1, then
p− 1p2n = G − G/N =
p−1∑
i=1
χi12
 ∗
Since χi12 ≤ G  ZG ≤ p2n (see [BZ, Lemma 2.19]), it follows from
(∗) that χi1 = pn for all i, and so ZG = p, i.e., ZG = N , as desired.
Suppose that e = eG = 0. Assume that N < ZG. Then ZG = p2
since ZG/N is of order p. Since G/ZG = p2n−1, and eG/ZG = 0,
we have
IrrG  ZG = 1+ p2 − 1n− 1+ p2 − 1n− 1 = p2 − 1

If χ ∈ IrrG  ZG, then χ12 ≤ G  ZG = p2n−2, so χi1 ≤ pn−1
for all i. It follows from
p2 − 1p2n−2 = G − G/ZG = ∑
χ∈IrrGZG
χ12 ≤ p2 − 1p2n−2
that, in fact, χ1 = pn−1. Then χ12 = G  ZG for all χ ∈ IrrG 
ZG, and so all such χ vanish outside ZG [I3, Corollary 2.30]. By the
Second Orthogonality Relation, for x ∈ G− ZG, we have
CGx =
∑
χ∈IrrG
χx2
= ∑
χ∈IrrGZG≤kerχ
χx2 + ∑
χ∈IrrGZG
χx2
= CG/ZGxZG
since
∑
χ∈IrrGZG χx2 = 0. Since G/ZG is of maximal class
or of order p2, it follows that for some x ∈ G − ZG, we have
CG/ZGxZG = p2, by [Hup, Satz 3.14.13(a)]. Then, by the displayed
formula, CGx = p2, which is impossible since CGx ≥ xZG is
of order > ZG = p2. Thus ZG = N , so G is of maximal class, as
desired. (As J. Poland [Pol] showed, using deeper properties of p-groups
of maximal class, in the case under consideration, G ≤ pp+2.)
It follows from the above argument that if G/ZG is a p-group of
maximal class and all characters from IrrG  ZG vanish outside ZG,
then ZG is of order p, and soG itself is of maximal class. Indeed, we have
CGx = CG/ZGxZG = p2 for some x ∈ G− ZG, so ZG = p.
A p-group G is said to be reduced if G′ is the unique minimal normal
subgroup of G. Clearly, the center of a reduced p-group is cyclic.
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Theorem 5.3. Let G be a non-Dedekindian p-group such that whenever
H is a nonidentity G-invariant subgroup of G, then G/H is Dedekindian.
Then G = R × E, where R is reduced with R′ = G′ and the exponent of E
divides p.
Proof. Assume that K = G ∩ ZG has two distinct subgroups L1
and L2 of order p. By hypothesis, G has a nonnormal cyclic subgroup
F ; then FLi is normal in G, so Li ≤ F , i = 1 2. It follows that FL1 =
FL2 = F × L1 = F × L2 (otherwise, FL1 ∩ FL2 = F is normal in G). Set
L = F ∩ L1L2; then L is a normal subgroup of order p in G since L1L2 ≤
ZG. By hypothesis, F/L is normal in G, contrary to the choice of F . Thus,
K is cyclic. Let Z be the subgroup of order p in K; then Z ≤ G′ since Z
is the unique minimal normal subgroup of G contained in G ≥ G′.
Assume that Z < G′. Then G/Z is nonabelian Dedekindian, so p = 2.
Next, G/Z has a direct factor Q/Z ∼= Q8; Q is normal in G, and so is Q′.
Since Q is not of maximal class (indeed, a 2-group of maximal class has no
proper epimorphic image isomorphic to Q8), Q′ = 2, by Lemma I(c). In
that case, Z ×Q′ ≤ K, a contradiction since K is cyclic. Thus, G′ = Z is of
order p.
Let !1ZG = G′ × E and let R be a subgroup of G minimal such
that G = RE. Since K is cyclic, E ∩ G = 1. Since R ∩ E ≤ R ∩
E ≤ G ∩ E = 1, we get G = R × E. Clearly, R′ = G′ and ZR ≤
ZG. It follows that !1ZR = G′, so ZR is cyclic. Then R is reduced,
completing the proof.
It follows from Theorem 5.3 that if G is a non-Dedekindian p-group
and K is a G-invariant subgroup in G of maximal order such that G/K
is non-Dedekindian, then G/K = R/K × E/K, where R/K is reduced
and expE/K divides p.
Corollary 5.4 (C. Hering). Suppose that G is a non-Dedekindian
p-group. Then it contains a subgroup H such that H ≥ G′ and
G  NGH = p.
Proof. Let K be a G-invariant subgroup in G of maximal order such
thatG/K is non-Dedekindian. ThenG/K possesses a nonnormal cyclic sub-
group H/K = xK. By Theorem 5.3, G/K′ = p, so H ≥ pK = G′
and G/K  CG/KH/K = G/K′ = p. It follows that G  NGH = p,
completing the proof.
Remark. Suppose that for every distinct maximal subgroups F and H
of a p-group G, the class of F ∩ H is at most k, k > 0. We will prove
that the class of G is then at most 3k, unless dG ≤ 2. Indeed, suppose
that dG > 2. Set D = F ∩H for distinct maximal subgroups F and H
of G. Then D is maximal in F and H and the class of D is at most k.
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Since dG > 2, there exists a maximal subgroup M of G not containing
D. Set D1 = F ∩M . Then D = D1 and F = DD1 since DD1 are distinct
maximal subgroups of F . By Lemma I(k), the class of F is at most 2k. If
D2 = H ∩M , then D2 ≤ F is of class at most k, so G = FD2 is of class at
most 2k+ k = 3k, by Lemma I(k) again, as claimed.
6. COUNTING THEOREMS
Obviously, Hall’s enumeration principle does not allow counting of nor-
mal subgroups of p-groups. Below we will prove a dual result which settles
the above problem.
Let G be a p-group. Then S = !1ZG is the socle of G. Set S = ps.
Let 9i be the set of all subgroups of order pi in S, i = 0 1 
 
 
  s. Let
 be a set of nonidentity normal subgroups of G. For K ∈ 9i, let νK
denote the number of elements of the set  containing K. In particular,
ν1 = . The following result holds:
Theorem 6.1 (Enumeration Principle for Normal Subgroups). In the
above notation,
 = ν1 =
s∑
i=1
−1i−1 ∑
K∈9i
pi2νK
 (1)
Proof. For H ∈  and H ∩ S = pj (j ∈  since H > 1), the con-
tribution of H in the right-hand side of (1) equals ϕj1 − pϕj2 + · · · +
−1j−1pj2ϕj j , and that sum is equal to 1, by [Hup, Theorem 3.8.6] (see
the last three rows of the proof of that theorem). The proof is complete
since the contribution of H on the left-hand side of (1) is also 1.
In particular,
 = ν1 ≡ ∑
K∈91
νK modp
 (2)
We will apply (2) to prove two counting theorems on the number of
normal subgroups with given quotient groups. In two following theorems
we retain the notation of Theorem 6.1.
Theorem 6.2. Let G be a group of order pm and let n ∈  with m >
n > p+ 1. Suppose that G is not of maximal class and let  be the set of all
normal subgroups D of G such that G/D is of maximal class and order pn.
Then p divides .
ﬁnite p-groups 497
Proof. We proceed by induction on G. Assume  > 0. Let H ∈ 91.
If G/H is not of maximal class, then p divides νH, by induction (if, in
addition, n = m − 1, then νH = 0). If G/H is of maximal class, then
νH = 1. One can assume that D ∈ 91 is such that G/D is of maximal
class; we have to show, by (2), that the number of such D is a multiple
of p. Since G is not of maximal class, ZG = p2. By Lemma I(a), G
possesses a normal subgroup R of type pp. It is easy to see that R can
be chosen so that D < R. In that case, ZG/D = ZG/D = R/D, so
R = ZG coincides with the socle of G; then 91 = p+ 1. Since the class
of G is m− 2, it has at most one minimal normal subgroup H such that the
quotient group G/H is not of maximal class. Thus, it sufﬁces to show that
there exists at least one such subgroup because 91 = p + 1. Assume that
this is false, i.e., G/K is of maximal class for all K ∈ 91. By Theorem 5.1,
G/Kp+1G is not of maximal class. Therefore, by assumption, Kp+1G =
1. In that case, G is of class p. On the other hand, the class of G is
m− 2 > p, a contradiction.
Theorem 6.3. Let G be a nonmetacyclic group of order pm, m > n > 2,
p > 2, and let  be the set of all normal subgroups D of G such that G/D is
metacyclic of order pn. Then p divides ν1 = .
Proof. We are working by induction on G. If H ∈ 91 and G/H is not
metacyclic, then p divides νH, by induction. If G/H is metacyclic, then,
by Sylow, νH ≡ 1 modp. In view of (2) we may assume, therefore, that
G has a metacyclic quotient G/T of order pm−1. Then, in that case, by
Section 3, Remark 1, T ≤ 1G. Conversely, if K ≤ 1G ∩ ZG is of
order p, then G/K is not metacyclic. It follows that the number of minimal
normal subgroups H of G such that G/H is metacyclic equals the number
of minimal normal subgroups of G not contained in 1G. Since that
number is a multiple of p, by Sylow’s Theorem, the proof is complete.
The above theorem is probably true for p = 2 with n > 3.
We will prove the following new counting theorem.
Theorem 6.4. Let G be a group of order pm, p > 2 and m > n ≥ 4.
Suppose that G has no cyclic subgroup of index p. Let  be the set of all
subgroups H of G of order pn such that H has no cyclic subgroup of index
p. Then  ≡ 1 modp.
The following lemma is crucial to the proof of Theorem 6.4.
Lemma 6.5. Let G be a p-group, p > 2, and let G = AB, where A is
normal in G, A = p4, expA ≤ p2, and expB ≤ p2. Then expG ≤ p2.
Proof. Let a ∈ A and b ∈ B and let H be a G-invariant abelian sub-
group of index p in A. H exists since the number of abelian subgroups of
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index p in A is congruent with 1(mod p); then bA′ ≤ H since bA/H
is abelian. By Lemma I(d), p2 does not divide expAutH since H is non-
cyclic and p > 2. It follows that bp centralizes H since the inner automor-
phism of H induced by b is of order ≤p. Since ap ∈ H, we see that ap and
bp commute. By the Hall–Petrescu formula,
abp = apbp
p∏
i=2
c
pi
i  (3)
where ci ∈ Kia b ≤ bA′ ≤ H. All of the above shows that the ele-
ments ci (i = 2 
 
 
  p), ap, and bp are commute pairwise. By Lemma I(a),
H contains a G-invariant subgroup R of type pp. Clearly, K3a b ≤
R, so ocp ≤ p. Since the orders of elements ap, bp and c
pi
i (i = 2 
 
 
  p)
divide p, we get, by (3),
abp2 = abpp = ap2bp2
p∏
i=2
c
ppi
i = 1
completing the proof.
It follows from Lemma 6.5 that if G is a p-group, p > 2, and T is a
subgroup generated by all normal subgroups of G of order p4 and expo-
nent ≤p2, then expT  ≤ p2.
Proof of Theorem 6.4 It follows from Lemma I(a) and [B2, Lemma
7.1(a)] that G possesses a normal subgroup of order p4 and expo-
nent ≤p2. Let T be a subgroup generated by all normal subgroups of
G of order p4 and exponent ≤p2; then expT  ≤ p2 (see the paragraph
preceding the proof).
(i) First consider the case n = 4. Let  be the set of all subgroups
H of G of order p4 such that expH ≤ p2. We have to prove that  ≡
1 modp. Obviously,  ≡ ′ modp, where ′ is the set of all
G-invariant elements of . Therefore, it sufﬁces to prove that ′ ≡
1 modp. To this end, we use induction on G. All subgroups of T of
order p4 are elements of  since expT  ≤ p2. Therefore, the number of
elements of  contained in T is ≡ 1 modp, by Sylow. Since the number
of elements of  −′ contained in T is divisible by p and all elements of
′ are contained in T , we get ′ ≡ 1 modp, as desired. This completes
the proof in the case n = 4.
(ii) Now let n > 4. We are working by induction on G again. Let
n = A1 
 
 
 Asn be the set of subgroups of G of order pn and expo-
nent ≤pn−2 and let 11 = D1 
 
 
 Dr be the set of maximal subgroups
of G of exponent ≤pm−3. For H ∈ 1, let αH be the number of elements
of n contained in H. For A ∈ n, let βA be the number of maximal
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subgroups of G containing A (every such maximal subgroup is a member
of 11). Then
αD1 + · · · + αDr = βA1 + · · · + βAsn
 (4)
By induction, αDi ≡ 1 mod p. Since βAj is the number of maximal
subgroups in G/AGj , where A
G
j is the normal closure of Aj in G, we get
βAj ≡ 1 mod p. It follows from (4) that r ≡ sn mod p. Taking n = 4,
we get r ≡ s4 ≡ 1 mod p, by (i), so r ≡ 1 mod p is independent of n.
Thus sn ≡ r ≡ 1 mod p for n > 4, as desired.
Corollary 6.6. Let G be a group of order pm, p > 2, and let n ∈  be
such that m > n ≥ 4. If G has no cyclic subgroup of index p, then the number
of subgroups of order pn in G having a cyclic subgroup of index p is divisible
by p.
Corollary 6.6 is a weak form of Conjectures A(2) and B(2) from
[B2, Sect.8]. For n = 4, Corollary 6.6 was proved by Miller [Mi2].
Remarks. 1. Miller [Mi1] established the following interesting count-
ing theorem: Let n k ∈  and n > (k2). If ak = akG is the number of
abelian subgroups of order pk in G, then ak ≡ 1 mod p. (I am indebted
to Mann for the following proof of that result [Man2].) We are working by
induction on k. If k = 1, the theorem is true, by Sylow’s Theorem. Let
k > 1 and let a′kG be the number of normal abelian subgroups of order
pk in G. Since p divides akG − a′kG, it sufﬁces to show that a′kG ≡
1 mod p. By induction, a′k−1G ≡ 1 mod p, so G has a normal
abelian subgroup A of order pk−1. As we know (see the last paragraph
of Section 9), in that case, CGA > A. The number of normal abelian
subgroups of G of order pk containing A equals the number of G/A-
invariant subgroups of order p in CGA/A, and the last number is ≡ 1
mod p, by Sylow’s Theorem. Let i be the set of all normal abelian
subgroups of order pi in G, i = k − 1 k and let k−1 = A1 
 
 
 As,
k = B1 
 
 
  Bt. Then s = a′k−1G ≡ 1 mod p, by the above, and
t = a′kG. Let αi be the number of elements of the set k containing Ai,
and let βj be the number of elements of the set k−1 contained in Bj ,
i = 1 
 
 
  s, j = 1 
 
 
  t. Then α1 + · · · + αs = β1 + · · · + βt . By what has
been proved already, αi ≡ 1 mod p, and, by Sylow’s Theorem, βj ≡ 1
mod p, for all i j. So we get t ≡ s ≡ 1 mod p, as desired.
2. We will give a short and elementary proof, for p = 2, of Lemma
I(a) (below we consider also the case k = 1 and prove that if a 2-group G
is neither cyclic nor of maximal class, then c1G ≡ 3 mod 4 and ckG
is even if k > 1). We are working by induction on G. We may assume
that G is not abelian and G > 23. By the last assertion of Lemma I(a)
which can be proved independently, G has a normal abelian subgroup R
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of type 2 2. If G/R is cyclic, then c1G ∈ 3 7 and cnG ∈ 2 4
for n > 1. Therefore, one may assume that G/R is not cyclic. Then G/R
has a normal subgroup T/R such that G/T is of type 2 2. Let H1/T ,
H2/TH3/T all be subgroups of order 2 in G/T . It is easy to check that for
every k ∈ ,
ckG = ckH1 + ckH2 + ckH3 − 2ckT 
 (5)
The result is true for G = 24, as it is easy to check. Let G > 24. Then all
Hi are neither cyclic nor of maximal class since they contain R. By induc-
tion, c1Hi ≡ 3 mod 4 for all i, and, by Sylow’s Theorem, 2c1T  ≡ 2
mod 4. So substituting these congruences in (5), we complete the proof
in the case k = 1. If k > 1, then by induction, ckHi is even for all i. By
(5), ckG is also even, completing the proof for k > 1.
3. Let S ∈ SylpG be cyclic, Gp = pm, and let 1 ≤ k ≤ m. Then
[Hal, Theorem 4.61] ckG ≡ 1 mod pm−k+1. We will give a short proof
of this congruence (the original Hall proof is longer). Indeed, let ! =
A1 
 
 
 As be the set of all subgroups of order pk that are not contained
in S. Let S act on ! via conjugation. Then the size of the S-orbit of a
“point” Ai equals S  S ∩Ai, and pm−k+1 divides that number, proving our
assertion. The same argument shows that if S ∼= Q2m is a Sylow 2-subgroup
of G, then c1G ≡ 1 mod 2m.
In conclusion, we offer another proof of the following theorem.
Theorem 6.7 [HupB, Lemma 8.5.3]. Suppose that G is a 2-group,
dG = d and G = 2. If eG = x ∈ G  x2 = 1, then
eG ∈ 2d 2d ± 2d−r, where r is a positive integer satisfying 2r ≤ d.
Furthermore, if eG = 2d ± 2d−1/2d, then G is extraspecial. (Clearly, in the
case under consideration, eG = c1G + 1.)
Proof. Clearly, expG = 4. If G is abelian, eG = 2d, as desired. Let
G be nonabelian. Then, by [B2, Lemma 5.2], G = EZG, where E is
extraspecial. Let E = ESm 2 and dZG = s; then d = 2m + s − <,
where < = 0 if expZG = 4 and < = 1 if expZG = 2. We have
cdE = 1 2m. cdG = χ1χ ∈ IrrG. By the Frobenius–Schur for-
mula (see [BZ, Chap. 4]), we have eE = 22m ± 2m. So we may assume
that ZG > 2.
Suppose that expZG = 2. Then G = E × T , where T ∼= E2s−1 , and so
eG = eEeT  = 22m ± 2m2s−1 = 22m+s−1 ± 2m+s−1

In this case, d = 2m+ s − 1, m+ s − 1 = 2m+ s − 1 −m = d −m, and
2m ≤ d.
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Now suppose that expZG = 4. Then ZG = C4 × E2s−1 and
eZG = 2s. Let us apply [HupB, Lemma 8.5.2] with A = E and
B = ZG. Then
2eG = 2s22m ± 2m + 22m+1 − 22m ± 2m = 22m+s+1
so eG = 22m+s = 2d, and we again obtain the desired result.
Now assume that eG = 2d ± 2d−1/2d. Then, by the above, expZG =
2 and d = 2m + s − 1, 12d = d − 12d = m + s − 1, so 2m + s − 1 = d =
2d/2 = 2m + s − 1. It follows that s = 1, so G = EZG = E is
extraspecial, completing the proof.
7. p-GROUPS CONTAINING A SUBGROUP OF MAXIMAL CLASS
AND INDEX p
First we study the normal structure of p-groups containing a subgroup
of maximal class and index p (Theorem 7.4). We shall use that theorem to
deduce a number of deep results from [B5, Bla5] and related new theorems.
Lemma 7.1. Suppose that a p-group G is not of maximal class. Let r ≥ 3
and let G/KrG be of maximal class. If KrG ≤ ZG and KrG = p2,
then KrG is noncyclic.
Proof. In the case under consideration, KrG is the unique normal
subgroup of index pr in G. Assume that KrG is cyclic. By Lemma I(a),
G possesses a normal subgroup N of type pp. Since G  N = pr and
N = KrG, we get a contradiction.
Let G be a group of order p4 and class 2. We claim that then ZG =
p2. Let H be a minimal nonabelian subgroup of G. If H = G, we get
G  ZG = p2, as claimed. Let H < G. Set C = CGH; then C = ZG
and G  C = p2, by Lemma I(d).
Proposition 7.2 [B3, Lemma 5; Bla5, Lemma 1.2]. Let G be a group of
order pm, where m > 3, and suppose that G has a subgroup H of index p
that is of maximal class. Then G is of maximal class or of class m − 2 and
G/G′ is elementary abelian of order p3.
Proof. As H is of class m− 2, the class of G is at least m− 2. It follows
that G  G′ ≤ G  H ′ = pH  H ′ = p3.
Suppose that G  G′ = p2. Working by induction on G, we will prove
that then G is of maximal class. If ZG ≤ H, then ZG = p2, and
we get G = HZG and H ∩ ZG = ZH is of order p. In that case,
G/ZH = H/ZH × ZG/ZH is not generated by two elements
since H is nonabelian, a contradiction. Thus, ZG = ZH. If m = 4,
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then G is of maximal class (otherwise, by the remark preceding the propo-
sition, G is minimal nonabelian, which is not the case). Let m > 4. By
induction, G/ZG is of maximal class. In that case, G is also of maximal
class since ZG = ZH is of order p, completing the proof in the case
where G G′ = p2.
Suppose that G  G′ = p3. Assume that G/G′ is not elementary abelian;
then G/G′ is abelian of type p2 p. As the class of G is m− 2, we have
G  K3G = p4. In that case, G/K3G is minimal nonabelian, by Lemma
I(j), contrary to the equalities H/K3G = p3 and K3G = K3H.
Proposition 7.3. Suppose that for every i = 2 
 
 
  p + 1, a nonabelian
p-group G has at most one normal subgroup of index pi. Then G is of maxi-
mal class.
Proof. We are working by induction on G. First assume that G has only
one normal subgroup of index pi for all i = 2 
 
 
  logpG and that G >
p3 (for G = p3 the proposition is trivial). Let T be a subgroup of order
p in G′ ∩ ZG. By induction, G/T is of maximal class. Assume that G is
not of maximal class. Then ZG = p2. By Lemma I(a), G has a normal
abelian subgroup R of type pp. By hypothesis, R = ZG = L1 × L2,
where L1 = L2 = p. Then L1 and L2 are distinct normal subgroups of
the same index > p2 in G, which is not the case. Thus we may assume that
G > pp+1.
Let T be a normal subgroup of index pp+1 in G. By what has just been
proved, G/T is of maximal class. By hypothesis, T is the unique nor-
mal subgroup of index pp+1 in G. Therefore, G is of maximal class, by
Theorem 5.1(b).
Remark 1. Let G be a nonabelian p-group. Set ηG/K3G =
ZG/K3G [Bla3, p. 47]. It is clear that ηG is a characteristic subgroup
of G containing G′. Blackburn proved [Bla3, Theorem 1.3] the follow-
ing elementary but important result: If H is a subgroup of G such that
HηG = G, then KiH = KiG for all i ≥ 2; in particular, H is normal
in G since G′ = H ′ < H. Next, classes of G and H coincide. This result
plays a crucial role in the proof of the following theorem.
Theorem 7.4 (Compare with [B5, Lemma 5]). Suppose that a group G
of order pm, m > 3, contains a subgroup H of maximal class and index p. If
G is not of maximal class, then the following assertions are true:
(a) dG = 3.
(b) Set ν = m − 2 if m ≤ p + 1 and ν = p if m > p + 1. Then
G/KνG is of order pν+1 and, if m > 4, of exponent p.
(c) Exactly p2 maximal subgroups of G are of maximal class. If, in
addition, p > 2 andm > 4, then all of the remaining p+ 1maximal subgroups
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of G have no two generators and their intersection has index p2 in G (in fact,
that intersection equals ηG).
Proof. (a) follows from Proposition 7.2.
(b, c) By (a), G = G′ = H ′, so that G/KνG = pν+1 since H
is of maximal class. Since G/G′ is elementary abelian of order p3 and
G/K3G = p4, it follows that ηG is of index p2 in G (see Remark 1,
this section), so HηG = G and K3H = K3G; hence G′  K3G = p.
Moreover, KiG = KiH, all i > 1 (Remark 1, this section). It follows
from the structure of G/K3G that it contains exactly p2 nonabelian sub-
groups M1/K3G 
 
 
 Mp2/K3G (these subgroups are exactly those that
do not contain ηG/K3G); the intersection of the remaining p+ 1 max-
imal subgroups of G/K3G equals ηG/K3G. Note that G/ηG is of
type pp, so ηG/K3G has index p2 in G/K3G, and this proves (c)
for m = 4, since then K3G = 1. It what follows we will assume that
m > 4. As we saw, MiηG = G, i = 1 
 
 
  p2. It follows from Remark
1 that all Mi are of the same class as G; since Mi = pm−1 and the class
of Mi is m − 2 = clG, we conclude that all Mi are of maximal class,
i = 1 
 
 
  p2, and this proves (c) for all m apart from the assertion on
exponent and generators since the remaining p+ 1 maximal subgroups of
G containing ηG are not of maximal class; indeed, ηG/K3G is a cen-
tral factor of G of order p2.
Let m > p + 1. Then ν = p and G/KpG is regular of order pp+1
and class p − 1. Since Mi is of maximal class and irregular, Mi/KpG =
Mi/KpMi (see Remark 1, this section) is of order pp and exponent p,
i = 1 
 
 
  p2. Since the regular group G/KpG is generated by subgroups
Mi/KpG of exponent p, i = 1 
 
 
  p2, we get expG/KpG = p. Other
p + 1 maximal subgroups of G, say T1 
 
 
  Tp+1, satisfy Tj  T ′j  ≥ p3
(recall that ηG/K3G < Tj/K3G; hence all Tj/K3G are abelian), so
all Tj are not of maximal class. Next, ηG =
⋂p+1
i=1 Ti has index p
2 in G.
The assertion on the number of generators of Tj , j = 1 
 
 
  p+ 1, in the
case p > 2, now follows since Tj/T
′
j is of order at least p
3 and exponent
p. This completes the proof of (c) and thereby the theorem in the case
m > p+ 1.
Now let m ≤ p + 1; then p > 2 since, by assumption, m > 4. Here
ν = m− 2. Then G/KνG is regular of order pν+1 = pm−1 ≤ pp. Since Mi
is of maximal class and order pm−1 and Km−2Mi = Km−2G = KνG,
we see that Mi/KνG, i = 1 
 
 
  p2, is of exponent p (see [Hup, Hilfssatz
3.14.14]. Since the regular group G/KνG is generated by subgroups of
exponent p, we get expG/KνG = p. Again, as in the previous para-
graph, the remaining p + 1 maximal subgroups T1 
 
 
  Tp+1 of G satisfy
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dTj > 2, and ηG =
⋂p+1
i=1 Ti has index p
2 in G. This completes the
proof of (b) and (c) in the case m ≤ p+ 1, and the theorem is proved.
In particular, if a group G of order pm, m > 3, is not of maximal class,
then the number of subgroups of maximal class and index p in G equals 0
or p2 (this is a new result). I am sure that the assumption on the index is
nonavoidable in the previous sentence (however, see Theorem 7.9).
Example. Let Z = z  z2n = 1 n > 2 be the cyclic group of order
2n > 4. Then Aut Z is abelian of type 2n−2 2. Set A = !1Aut Z
and let A = 1 αβ γ, where αβ γ are involutions. It follows from the
classiﬁcation of 2-groups with cyclic subgroup of index 2 that, say, zα =
z−1 zβ = z−1+2n−1 zγ = z1+2n−1 . Then
M1=Zα∼=D2n+1 M2=Zβ∼=SD2n+1 T1=Zγ∼=M2n+1 

Let G = A ·Z be the natural semidirect product. It follows that CGZ =
Z, so ZG = !1Z since ZM1 = 2. Let Z1 be another cyclic subgroup
of index 2 in T1; then Z1 is normal in G since T1 is in view of cnT1 = 2.
It follows from ZG = 2 and CZ1α = CZ1β = 2 that M3 = Z1 α
and M4 = Z1 β are of maximal class. Next, using the enumeration prin-
ciple, we obtain
ckG = ckM1 + ckM2 + ckT1 − 2ckZ
so c1G = 2n + 2n−1 + 3 c2G = 2n−1 + 2 ckG = 2 for k = 3 
 
 
  n.
We see that G satisﬁes the hypothesis of Theorem 2.5.
Blackburn [Bla1, Theorem 2.1] also described the power structure of
p-groups with absolutely regular subgroups of index p in the following
important theorem.
Theorem 7.5. Suppose that a p-group G, which is neither absolutely reg-
ular nor of maximal class, has an absolutely regular subgroup H of index p.
Then G = H!1G, where !1G is of order pp and exponent p.
Theorem 7.5 implies
Theorem 7.6 [Bla1, Theorem 1.1]. If a p-group G has no normal sub-
group of order pp and exponent p, then G is absolutely regular or of maximal
class.
Proof of Theorem 7.6. Depending on Theorem 7.5. Assuming Theorem
7.5, we have to prove Theorem 7.6. If G is regular, exp!1G = p, so our
assertion is true for regular groups since G/1G = !1G. Indeed, by
assumption, !1G < pp, so, by the equality in the previous sentence, G
is absolutely regular.
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In what follows we assume that G is irregular. Suppose that G is not of
maximal class. In view of Lemma I(a), the theorem is true for p = 2, so,
in the sequel, we assume that p > 2. Let H be a normal absolutely regular
subgroup of G of maximal order. If G  H = p, then !1G is of order
pp and exponent p, by Theorem 7.5, a contradiction. Therefore assume
that G  H > p. Let D be a G-invariant subgroup of H such that H/D is
abelian of type pp. Let B/H be a normal subgroup of order p in G/H
such that B/D ≤ CG/DH/D (recall that G  H > p = Aut H/Dp).
Since B/D is abelian of order p3, B is not of maximal class. By Theorem 7.5,
B = H!1B, and !1B is of order pp and exponent p, a contradiction,
since !1B is characteristic in B and so is normal in G since B is. The
proof is complete.
Theorem 7.7. Theorem 7.5 is a consequence of Theorem 7.6.
Proof. Suppose that Theorem 7.6 has proved. Let H be an absolutely
regular subgroup of index p in G. We may assume that p > 2 (if p = 2,
H is a cyclic subgroup of index p in G and such groups G are classiﬁed).
Suppose that G is not of maximal class. Then, by Theorem 7.6, G has a
normal subgroup E of order pp and exponent p. We have G = HE, by
the product formula. It remains to be proved that E = !1G. Assume
that x is an element of order p in G − E and set B = xE. Then B
is of order pp+1. Since B ∩ H is absolutely regular of order pp and so
of exponent p2, it follows that expB = expB ∩H = p2, and hence B
is irregular: B is generated by elements of order p and has exponent p2.
Since B = pp+1, we conclude that B is of maximal class. Since E < B, it
follows that every subgroup of G properly containing B is not of maximal
class. Since G is not of maximal class we have B < G. Let B < L ≤ G with
L  B = p; we have L = pB = pp+2. By Proposition 7.2, dL = 3,
and L/KpL is of order pp+1 and exponent p, by Theorem 7.4. It follows
that L has no absolutely regular subgroup of index p. However, H ∩ L is
an absolutely regular subgroup of index p in L, and this is a contradiction.
Thus, E = !1G, and we are done.
We see that Theorems 7.5 and 7.6 are equivalent. To make our exposi-
tion self-contained we will give the proof of Theorem 7.6 independently of
Theorem 7.5. In the ﬁrst part of our proof we follow [Bla2] closely; how-
ever, the argument in the last paragraph of our proof is new.
Proof of Theorem 7.6. Independent of Theorem 7.5. Above we have
proved Theorem 7.6 under the assumption that Theorem 7.5 is true. Now
we want to give the proof of that theorem independently of Theorem 7.5.
Let G be an irregular group of order pm that has no normal subgroup
of order pp and exponent p (if G is regular, it is absolutely regular since
G/1G = !1G). Then m > p. For m = p + 1, the class of G is p,
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so G is of maximal class. For p = 2, the theorem follows from Lemma I(a).
So we assume that p > 2 and m > p+ 1. We proceed by induction on G,
assuming that G is not of maximal class.
Since G is irregular, expG > p, so 1G > 1. Take in 1G ∩ZG
a subgroup N of order p. There are two cases to consider.
(i) Suppose that G/N has no normal subgroup of order pp and
exponent p. Then the inductive hypothesis may be applied to G/N , and
so G/N is absolutely regular or of maximal class.
In the ﬁrst case, G/N  1G/N < pp. But since N ≤ 1G,
1G/N = 1G/N , and so G  1G < pp. In that case G is
absolutely regular, by Lemma I(h), which is not the case.
Suppose that G/N is of maximal class. Then the class of G/N is m− 2,
so the class of G is either m− 2 or m− 1. We shall suppose that the class
of G is m− 2 and obtain a contradiction.
Let K/N be a normal subgroup of order p2 in G/N; then H/N =
CG/NK/N is of index p in G/N . It is known that H/N is regular (it
is absolutely regular if m− 1 > p+ 1) and
!1H/N ≥ Km−1−p−1G/N = Km−pG/N = Km−pGN/N
(actually we have equality here for m− 1 > p+ 1). Thus, Km−pGN/N is
of order pp−1 and exponent p. On the other hand, Km−pGN is a normal
subgroup of order pp, and therefore its exponent equals p2, by assumption.
Hence N = 1Km−pGN; moreover,
N = 1Km−pG (6)
(otherwise, Km−pGN = Km−pG × N is of exponent p), and so
Km−pG is of order pp and exponent p2. In particular, N < Km−pG ≤
G′, since m ≥ p+ 2. Thus, G  G′ = p2 since G/Km−pG is of maximal
class. But G is of class m − 2, and so for some r ≥ 2, KrG/Kr+1G is
of order p2, whereas KiG/Ki+1G is of order p for 1 < i = r. Thus,
G/KrG is abelian of order p2 or of maximal class. The ﬁrst is impos-
sible since otherwise G/Kr+1G is minimal nonabelian of order p4 and
then G  G′ = p3 (Lemma I(i)), which is not the case. Thus, r ≥ 3 and
G/KrG is of maximal class. By Theorem 5.1, r ≤ p. By Lemma 7.1,
KrG/Kr+1G is elementary abelian (of order p2). Thus, we can choose
two distinct subgroups Li/Kr+1G of order p, i = 1 2, in KrG/Kr+1G.
Then G  L1 = G  L2 = pr+1, L1 = L2. By the choice, L1 and L2 are
normal in G, and G/L1 and G/L2 are groups of maximal class and order
pr+1. Since r ≤ p, we see that G′/Li are of exponent p, i = 1 2. Hence
1G′ ≤ L1 ∩ L2 = Kr+1G. But by (6), N = 1Km−pG ≤ 1G′,
and so N ≤ Kr+1G. Hence, G/N cannot be a group of maximal class
since its epimorphic image G/Kr+1G is not of maximal class. This is a
contradiction, and so the proof in this case is completed.
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(ii) Next suppose that G/N has a normal subgroup K/N of order pp
and exponent p. If K is regular, then !1K = K  1K ≥ K  N ≥
pp, which is a contradiction since !1K is of exponent p and normal in G.
Hence, K is irregular of order pp+1, and therefore it is of maximal class.
Now let A be a normal subgroup of G containing K, which is of maximal
class, and let the order of A be as large as possible. We will prove that A =
G. As a p-group of maximal class A/N contains a normal subgroup K/N
of order pp and exponent p, we get A  K ≤ p, so A ≤ pK = pp+2.
Assume that A < G. Let B/A be a normal subgroup of G/A of order
p. Then B = pA ≤ pp+3 and B is not of maximal class, by the choice
of A. By Theorem 7.4(a,b), dB = 3 and B/KpB is of order pp+1 and
exponent p. By Theorem 7.4(c), B has exactly p + 1 maximal subgroups
M1 
 
 
 Mp+1 of ranks at least 3, and these subgroups are not absolutely
regular since B/KpB is of order pp+1 and exponent p and allMi > KpB
in view of KpB ≤ φB. Since B is normal in G, one of these p + 1
subgroups, say M = M1, is normal in G. If M is regular, then !1M is of
order M/1M ≥ pp and exponent p (sinceM is not absolutely regular),
which is not the case. Thus, M is irregular. In that case, M = pp+2, so
B = pp+3 and the class of M equals p. It follows that M  M ′ = p3,
M ′ = M (Theorem 7.4(a)), and M  K3M = p4 (otherwise, M is
regular). In that case, M  ηM = p2. Let T be a maximal subgroup
of M such that ηM ≤ T (T exists since dM = 3); then TηM = M .
In that case, by Remark 1, the class of T equals the class of M , so T
is of maximal class. By Theorem 7.4(c), M/KpM is of order pp+1 and
exponent p. By Lemma I(b), we can choose a G/KpM-invariant subgroup
T1/KpM of index p in M/KpM such that dT1/KpM > 2. In that
case, dT1 ≥ 3, so T1 is not of maximal class. Since T1 = pp+1, it follows
that T1 is regular. Since M/KpM is of order pp+1 and exponent p, T1
is not absolutely regular. Then !1T1 is a G-invariant subgroup of order
≥ pp and exponent p, completing the proof.
As an application of Theorem 7.6, we will offer another proof of [B2,
Proposition 1.6] asserting that every irregular p-group G possesses a char-
acteristic subgroup of order ≥ pp−1 and exponent p. Indeed, consider the
characteristic subgroup H = Zp−1G of G, the p − 1th member of the
upper central series of G. The subgroup H is regular since its class is at
most p − 1. By Theorem 7.6, G possesses a normal subgroup N of order
pp−1 and exponent p. Clearly, N ≤ Zp−1G = H so N ≤ !1H. It follows
from properties of regular p-groups that exp!1H = p, so !1H is the
desired subgroup. Next, if the center of an irregular p-group G is noncyclic,
then G contains a characteristic subgroup of order pp and exponent p.
Indeed, G contains a normal subgroup R of order pp and exponent p.
Since !1ZGR is normal of exponent p, we may assume, without loss
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of generality that R ∩ ZG is noncyclic; then R ≤ Zp−1G. In that case
!1Zp−1G is the desired subgroup.
Proposition 7.8. Let G be a group of order pm, m > n ≥ p. Suppose
that G is not absolutely regular. Then the number of normal subgroups N of
G such that G/N is absolutely regular is divisible by p.
Proof. We retain the notation of Theorem 6.1. We proceed by induc-
tion on G. For a normal subgroup K of G, let νK be the number
of normal subgroups N of G containing K and such that G/N is abso-
lutely regular of order pn. Then ν1 ≡ ∑K∈91 νK mod p, by con-
gruence (1) in Section 6. Let K ∈ 91. If G/K is not absolutely regular,
then νK ≡ 0 mod p, by induction. If G/K is absolutely regular, then
νK ≡ 1 mod p, by Sylow’s Theorem. Therefore, it sufﬁces to show
that the number of K ∈ 91 such that G/K is absolutely regular is divisi-
ble by p; let  be the set of all such K. We may assume that  ⊆ 91.
We may assume that  is nonempty. Let K ∈ . Then G/K is absolutely
regular. By hypothesis, G is not absolutely regular, i.e., G  1G ≥ pp,
and so K ≤ 1G. If G  1G > pp, then G  K1G ≥ pp, which is
not the case since G/K1G is absolutely regular as an epimorphic image
of G/K. Thus, G  1G = pp. If M ∈ 91 and M ≤ 1G, then G/M
is absolutely regular (otherwise, M ≤ 1G). Thus, all elements M of the
set  are not contained in 1G. The number of such M is divisible by
p since the number of elements of the set 91 contained in 1G is ≡ 1
mod p. The proof is complete.
Now we use Theorem 7.4 to prove the following.
Theorem 7.9 [B5, Theorem 3; Bla5]. Let G be a group of order pm, n ∈
 and m > n ≥ p+ 1. Let αG be the number of subgroups of maximal class
and order pn in G. Then p2 divides αG, unless G is of maximal class and
n = m− 1 (in that case, αG = p).
Proof (Compare with [B5, Theorem 3; Bla5]).
The theorem is true if G is absolutely regular or of maximal class (in
the second case, αG = pm−n, as follows from the description of maximal
subgroups in p-groups of maximal class). In what follows, we will assume
that G is neither absolutely regular nor of maximal class. We are working
by induction on m. For n = m − 1 the assertion of the theorem is a part
of Theorem 7.4(c) (moreover, in that case, the theorem is true even for
m > n ≥ 3). In the sequel we assume that n < m− 1; then m ≥ p+ 3.
By Hall’s enumeration principle,
αG ≡ ∑
H∈1
αH − p ∑
H∈2
αH mod p2
 (7)
ﬁnite p-groups 509
The ﬁrst sum in (7) is divisible by p2. Indeed, if H ∈ 1 is of maximal
class, then αH = pm−1−n does not depend on H and 1 contains exactly
p2 elements of maximal class, by Theorem 7.4(c), since m− 1 > p+ 1. It
follows that the contribution of elements of maximal class in the ﬁrst sum is
divisible by p2. The contribution of the remaining elements of 1 is divisible
by p2, by induction. So it remains to prove that p divides
∑
H∈2 αH. By
what has just been said and (7), p divides αG always, and so by induction,
the theorem is true if n < m− 2 (then every member of the second sum in
(7) is a multiple of p). In what follows, we assume therefore that n = m− 2.
We may assume that there exists H ∈ 2 which is of maximal class. It
sufﬁces to show that the number of such H is divisible by p. In that case,
dG ≤ 4 since dH = 2. Since ZH is cyclic, H = G, by Lemma I(f),
and we get G  G ≥ p3.
Suppose that G  G = p4. Then, if K < G is of maximal class and
index p2 in G (in that case, K = pn), we have K = pn−2 = G,
so K = G since K ≤ G and hence K ∈ 2. Thus, by the
result of the previous paragraph, p divides αG, and, since in the case
under consideration, αG =∑H∈2 αH, we are done.
It remains to consider the case where G  G = p3. Let α′G be the
number of normal subgroups of maximal class and order pn in G. Since p
divides αG − α′G, we see that p divides α′G. It remains to show that
every normal subgroup T of maximal class and order pn in G is an element
of the set 2; indeed, then
∑
H∈2 αH is a multiple of p. Assume that G
contains a normal subgroup T of maximal class and index p2 such that
T ∈ 2. Then G/T is cyclic of order p2 so G′ < G; in that case, G/G′
is abelian of type p2 pp since dG = 3. We may assume that there
exists H ∈ 2 of maximal class; then G′ = H ′, so G′ = H ′. Let M/H
be a subgroup of order p in G/H such that M/G′= M/H ′ is abelian of
type p2 p (such an M exists since G/G′ has only one elementary abelian
subgroup of order p3 and G/H has exactly p + 1 subgroups of order p);
obviously, M is maximal in G. Since G′ = H ′ ≤M ′, we get G′ = H ′ =M ′.
Let L be a G-invariant subgroup of index p in G′; then H/L is nonabelian
of order p3 since H is of maximal class. Let us consider the group M/L.
We see that M/L′ = G′/L is of order p, so dM/L = dM = 2. Next,
M/G′ =M/M ′ has two distinct cyclic subgroups Z1/G′ and Z2/G′ of index
p. Then Z1/L and Z2/L are abelian of index p in G/L, so ZM/L =
Z1/L ∩ Z2/L has index p2 in M/L. Since dM/L = 2, it follows that
M/L is minimal nonabelian. This is a contradiction since M/L contains
a nonabelian subgroup H/L of index p. Thus, T ∈ 2, i.e., all normal
subgroups of maximal class and index p2 in G are elements of the set
2, completing the proof.
The argument in the last two paragraphs of the proof of Theorem 7.9
shows that if m ≥ p + 3, then the number of subgroups of maximal class
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contained in 2 is a multiple of p (this is also a useful new counting
result).
The following theorem is a fairly easy consequence of Theorems 7.4
and 7.6.
Theorem 7.10 [B5, Theorem 1; Bla5]. If G is neither absolutely regular
nor of maximal class, then
(a) c1G ≡ 1+ p+ · · · + pp−1 mod pp;
(b) for n > 1, cnG ≡ 0 mod pp−1.
Proof. We are working by induction on G.
By Theorem 7.6, G contains a normal subgroup R of order pp and expo-
nent p. We may assume that G is irregular and, in case (b), expG ≥ pn.
Next, G > pp+1 since G is not of maximal class.
If G/R is cyclic, the theorem follows from [B2, Lemma 7.1(a)] (indeed,
in that lemma, for ps ≤ expG, exp!sG ≤ ps and pp+s−1 ≤
!sG ≤ pp+s, so our assertion follows from the formula csG =
!sG − !s−1G/ps−1p − 1. So, in what follows, we assume that
G/R is not cyclic. Then G/R contains a normal subgroup T/R such
that G/T is abelian of type pp. Let H1/T 
 
 
 Hp+1/T be all distinct
subgroups of order p in G/T ; clearly, all Hi ∈ 1. For all k ∈ , we have
ckG =
p+1∑
i=1
ckHi − pckT 
 (8)
By construction, all Hi are not absolutely regular. If all Hi are not
of maximal class, then, for all i, we have c1Hi ≡ 1 + p + · · · + pp−1
mod pp, and, for k > 1, ckHi ≡ 0 mod pp−1, by induction. By [B5,
Theorem C(b, c)],
pc1T  ≡ p+ · · · + pp−1 mod pp
pckT  ≡ 0 mod pp−1 k > 1

Substituting these congruences in (8), we obtain the desired congruences.
Suppose that one of Hi, say H1, is of maximal class. In that case, H1 =
pp+1 since R < H1, so G = pp+2. Then, by Theorem 7.4(c), we can choose
maximal subgroups F1 
 
 
  Fp+1 of G such that dFi > 2 and L =
⋂p+1
i=1 Fi
has index p2 in G (in fact, L = ηG; see Remark 1, this section, and the
proof of Theorem 7.4(c)). In that case, we have
ckG =
p+1∑
i=1
ckFi − pckL
 8′
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Since all Fi are of class at most p− 1, they are regular. Then, with k > 1, we
have, by induction, since Fi are neither absolutely regular nor of maximal
class, for all i = 1 
 
 
  p+ 1,
c1Fi ≡ 1+ p+ · · · + pp−1 mod pp pc1L ≡ p+ · · · + pp−1
ckFi ≡ 0 mod pp−1 pckL ≡ 0 mod pp−1

Substituting these congruences in (8), we complete the proof.
Remarks. 2. We will present the short proof of the following result
[B5, Theorem 2; Bla5]. Suppose that a p-group G is neither absolutely reg-
ular nor of maximal class. Then the number of subgroups of order pp and
exponent p in G is ≡ 1 mod p (this result improves Theorem 7.6 essen-
tially). We are working by induction on G. Let R be a normal subgroup
of order pp−1 and exponent p in G and let Z be a subgroup of order p in
G not contained in R (R and Z exist by Theorem 7.6). Then RZ is regular
since it is of order pp, and expRZ = p since RZ is generated by elements
of order p. Let M1 
 
 
 Mk be the set of all subgroups of order pp and
exponent p in G containing R. By the above, all elements of G of order p
are contained in M1 ∪ · · · ∪Mk. It follows from Theorem 7.10(a) that
c1R + kc1M1 − c1R
= 1+ p+ · · · + pp−2 + kpp−1
= c1G ≡ 1+ p+ · · · + pp−2 + pp−1 mod pp
so k ≡ 1 mod p. Thus, the number of subgroups of G of order pp
and exponent p containing R is congruent to 1 mod p. Let K be a
nonnormal subgroup of order pp−1 and exponent p in G, N = NGK;
then N < G. In that case, K is not characteristic in N . It follows that N
is neither absolutely regular nor irregular of maximal class. If N is regular
of maximal class, it is of order pp and exponent p. By the result that has
just been proved, the number of subgroups of order pp and exponent p
in G containing K (all of them are contained in N) is ≡ 1 mod p. Let
p−1 = R1 
 
 
  Ru andp = S1 
 
 
  Sv be the sets of subgroups of G
of exponent p and orders pp−1 and pp, respectively. Let αi be the number
of elements of p containing Ri and let βj be the number of elements of
p−1 contained in Sj , i = 1 
 
 
  u, j = 1 
 
 
  v. Then
α1 + · · · + αu = β1 + · · · + βv
 (9)
By the above, αi ≡ 1 mod p, for all i. By Sylow’s Theorem, βj ≡ 1
mod p for all j. By [B5, Theorem C], u ≡ 1 mod p (it is not difﬁcult
to prove this directly). It follows from (9) that then v ≡ u mod p, so
v ≡ 1 mod p, as desired.
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3. We will extend the result of Remark 2 (this section) to arbitrary
ﬁnite groups. Suppose that P ∈ SylpG is neither absolutely regular nor
of maximal class. We claim that αG, the number of subgroups of G of
order pp and exponent p, is ≡ 1 mod p. Let  be the set of subgroups
of G of order pp and exponent p not contained in P . Let P act on 
via conjugation. If M ∈ , then the P-stabilizer of M is NPM < P , so
the size of the P-orbit of M is divisible by p; hence  is a multiple of
p. Therefore, by Remark 2 (this section), αG ≡ αP ≡ 1 mod p,
as desired.
4. We will prove the following result [B5, Lemma 14; Bla5]. Let G
be a group of order pm and let n ∈  be such that p ≤ n < m. If G is nei-
ther absolutely regular nor of maximal class, then the number of absolutely
regular subgroups of order pn in G is divisible by p. Indeed, if p = 2,
the result follows from Theorem 7.10(b) or Section 6, Remark 2(b). If
n = p, the result follows from Remark 2 (this section). In what follows we
assume that n > p > 2 and that G has an absolutely regular subgroup H
of order pn. Suppose that n = m− 1. Then G = H!1G, where !1G is
of order pp and exponent p, by Theorem 7.5. Let M be a maximal sub-
group of G not containing !1G. Then !1M = M ∩!1G is of order
pp−1. By Theorem 7.6, M is absolutely regular or irregular of maximal
class. Assume that M is irregular of maximal class. Then G/KpG is of
order pp+1 and exponent p, by Theorem 7.4, contrary to the existence of
H (indeed, KpG ≤ G < H). Thus, every maximal subgroup of G not
containing !1G is absolutely regular. It follows that the number of abso-
lutely regular subgroups of index p in G equals
1+ p+ · · · + pdG−1 − 1+ · · · + pdG/!1G−1 ≡ 0 mod p
so the theorem is true for n = m − 1. In what follows we assume that
n < m − 1. Let αG be the number of absolutely regular subgroups of
order pn in G. By Hall’s enumeration principle,
αG ≡ ∑
H∈1
αH mod p
 (10)
If H ∈ 1 is of maximal class, then αH ≡ 1 mod p since H > pn ≥
pp+1; indeed, then every subgroup of H of order pn is either absolutely
regular or of maximal class and the number of subgroups of the second
type is a multiple of p, so the contribution of all such H on the right-
hand side of (10) is divisible by p, by Theorem 7.9. If H ∈ 1 is absolutely
regular, then αH ≡ 1 mod p, by Sylow’s Theorem, so the contribution
of all such H on the right-hand side of (10) is divisible by p since, by what
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has just been proved, the number of such H is a multiple of p. If H ∈ 1
is neither absolutely regular nor of maximal class, then αH is a multiple
of p, by induction. It follows then from (10) that αG ≡ 0 mod p,
completing the proof.
5. Let G be a p-group with absolutely regular Frattini subgroup, and
assume that G is neither absolutely regular nor of maximal class. Set 0 =
!1G, 0 = pw. Then G has a normal subgroup of order pw+1 and
exponent p. Since the case w = 1 was considered in [B2, Theorems 6 and 7],
we suppose that w > 1. We claim that G = HA, where H ≥ G and A =
KG  0 < K K = pw+1 expK = p, and H is absolutely regular or
of maximal class, and in both of these cases H has no G-invariant subgroup
of order pw+1 and exponent p. Indeed, let H1 be the largest absolutely
regular subgroup of G containing G and such that !1H1 = 0. Write
@1 = F ≤ G  H1 < F F  H1 = p. Assume that every group F ∈ @1
contains a G-invariant subgroup T F of order pw+1 and exponent p; then
F = H1T F, by the product formula. Set A = T F  F ∈ @1. We have
A/0 ≤ ZG/0, so A is regular if w < p − 1. Since elements of @1
generate G, we get G = H1A. Now assume that there exists H2 ∈ @1 such
that H2 has no G-invariant subgroup of order pw+1 and exponent p (in
that case, w + 1 = p and H2 is irregular of maximal class, by Remark 2
(this section); then H2 < G since G is not of maximal class). Let M be
a subgroup of maximal class in G containing H2 and such that M is as
large as possible; by assumption, M < G. Set @2 = F ≤ G  M < F F 
M = p. All elements of the set @2, by choice, are not of maximal class.
If F ∈ @2, then F = T FM , where T F is a G-invariant subgroup of
F of order pp and exponent p (T F exists, by Remark 2 (this section);
note that Theorem 7.6 is not sufﬁcient to prove the existence of T F).
Set A = T F  F ∈ @2. It is clear that A is normal in G and G = MA,
A/0 ≤ ZG/0, as desired.
6. Kulakoff’s Theorem [Kul] asserts that if G is a noncyclic group of
order pm, p > 2, and a ﬁxed integer n is such that 1 ≤ n < m, then the
number snG of subgroups of order pn in G is ≡ 1 + p mod p2 (see
[Hup, Satz 3.8.8(b)]). Here we present a very short proof of that theorem.
We may assume that G has no cyclic subgroup of index p and n < m− 1.
By Hall’s enumeration principle,
snG ≡
∑
H∈1
snH − p
∑
H∈2
snG mod p2

Working by induction on m, we get snH ≡ 1 + p mod p2 for H ∈
1. By Sylow, psnH ≡ p mod p2 for H ∈ 2. Since 1 ≡ 1 + p
mod p2 and 2 ≡ 1 mod p, substituting these congruences in the
displayed formula, we obtain the desired result.
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There was a long-standing problem in proving an analogous result for
2-groups. The solution was given in [B3, Sect. 5]. Now we present the new
proof of that result.
Theorem 7.11. Suppose that a group G of order 2m is neither cyclic nor
of maximal class, 1 ≤ n < m. Then snG ≡ 3 mod 4.
Proof. We are working by induction on m. We may assume that
G has no cyclic subgroup of index 2. Since sm−1G = ϕdG 1 ≡ 3
mod 4, we may assume that n < m − 1. In view of Section 6,
Remark 2(a), we may assume that n > 1. By Hall’s enumeration principle,
snG ≡
∑
H∈1 snH − 2
∑
H∈2 snH mod 4. By Sylow’s Theorem,
2
∑
H∈2 snH ≡ 2 mod 4. Therefore, it remains to prove that∑
H∈1 snH ≡ 1 mod 4. If n = m − 2, the above sum is ≡ 3 · 1 ≡
3 · 3 ≡ 1 mod 4, since all H ∈ 1 are noncyclic, and we are done. There-
fore, we may assume that n < m − 2. Let ′1 be the set of all elements
in 1 that are of maximal class. If H ∈ ′1, then, as it is easy to check,
snH ≡ 1 mod 4. It follows, by Theorem 7.9, that
∑
H∈′1 snH ≡ 0mod 4. Hence, it sufﬁces to prove that ∑H∈1−′1 snH ≡ 1 mod 4.
By Theorem 7.9, 1 − ′1 ≡ 3 mod 4. If H ∈ 1 − ′1, then snH ≡ 3
mod 4, by induction. It follows that∑H∈1−′1 snH ≡ 3 · 3 ≡ 1 mod 4,
completing the proof.
Mann [Man3] extended Kulakoff’s Theorem and Theorem 7.11 to arbi-
trary ﬁnite groups (see also [B10]).
Remarks. 7. Let H be a proper absolutely regular subgroup of a p-
group G, !1H = pp−1= H  1H. We will prove that if N =
NGH is absolutely regular, then either G is absolutely regular or of max-
imal class. Assume that this is false. In that case, G has a normal sub-
group E of order pp and exponent p, by Theorem 7.6; then E ≤ N , so
H < HE. Let H < F ≤ HE, where F  H = p; then F ≤ N . By the mod-
ular law, F = HE ∩ F. Since !1N ≥ !1F ≥ !1HE ∩ F > !1H
and !1HE ∩ F is of order pp, we see that N is not absolutely reg-
ular, contrary to the hypothesis. Note that hypothesis !1H = pp−1 is
essential. Indeed, let G be a nonabelian group of order pp and exponent
p > 3, clG = 2, and let H be a nonnormal subgroup of G; then NGH is
absolutely regular, however, G is neither absolutely regular nor of maximal
class. Moreover, if H < G is absolutely regular and !1NGH = !1H,
then the same conclusion is true. Indeed, it sufﬁces to consider the case
when NGH is not absolutely regular. Then NGH is of maximal class, by
Theorem 7.6, and the result follows from [B5, Lemma 13].
8. It is known that if G is of maximal class then !2G = G. (i) We
claim, conversely, that if !2G is of maximal class, then G is of maxi-
mal class. Assume that this is false; then !2G < G, so expG > p2.
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Let !2G be regular. In that case, !2G ≤ pp, so !2G is abso-
lutely regular, by [Hup, Hilfssatz 3.14.14]. In that case G is absolutely
regular, by Theorem 7.6. Now let !2G be irregular. By Lemma 2.1,
!2G > pp+1, since if an Lp-group G is of exponent >p2 then !2G
is not of maximal class (see [B2, Lemma 7.1(c)]), and the assertion fol-
lows from Theorem 7.10(b). (ii) Now suppose that !1G is irregular of
maximal class and assume that G is not of maximal class. Then G pos-
sesses a normal subgroup R of order pp and exponent p (Theorem 7.6).
Clearly, R < !1G, so !1G = pp+1. By Remark 2 (this section), the
number t of subgroups of order pp and exponent p in G is congruent 1
mod p. All subgroups from the previous sentence are contained in !1G.
By hypothesis, t > 1. Since !1G contains exactly p+ 1 subgroups of index
p, all of these subgroups are of exponent p. It follows that exp!1G = p,
a contradiction since !1G is irregular.
9. Below the proof of the ﬁrst assertion of Theorem 7.4(c) for p = 2,
independent of Remark 1 (this section), follows. Let H be a subgroup
of maximal class and index 2 in a 2-group G and let G be not of max-
imal class. Then D = K3H has index 24 in G and dG/D = 3, by
Proposition 7.2. It follows that G/D has exactly 4 nonabelian subgroups
H1/D = H/DH2/DH3/DH4/D, and the result follows for G = 24.
Now let G > 24. Assume that Hi is not of maximal class for some i > 1.
Then Hi has a G-invariant subgroup R of type 2 2, by Lemma I(a). Since
D is cyclic, R ≤ D, so RD  D = 2. We see that then RD/D = Hi/D =
G/D < H1/D, so R < H1, a contradiction, since H1 = H is of maximal
class and order ≥ 24. Thus, Hi is of maximal class, i ≤ 4. If T ∈ 1, T = Hi
for i ≤ 4, then D < G < T and T/D is abelian of order 8, so T is not
of maximal class.
Let G be a group of order pm and exponent pe. Then the number
ceG = m − e is said to be the coexponent of G [SW]. It follows from
the classiﬁcation of p-groups with cyclic subgroup of index p that if p > 2
and ceG = 1, then clG, the class of G, does not exceed 2. We will prove
the following
Proposition 7.12 (Compare with [SW, Theorems A and B]). Let G be
a noncyclic group of order pm and exponent pe, p > 2. Then
(a) cl G ≤ 2 · ce G.
(b) If cl G = 2 · ce G, then G is metacyclic.
Proof. We proceed by induction on m. We may assume that G is not
abelian and ce G = m− e > 1 (see the paragraph preceding the theorem).
Let R be a normal subgroup of G of exponent p and order pw, where w
is as large as possible. Let ce G/R = t and let Z be a cyclic subgroup of
order pe= expG inG such that R∩Z is as small as possible; obviously,
516 yakov berkovich
R ∩ Z ≤ p. Then pce G/R = pt = G/R  RZ/R = G  RZ. We have
pce G = G  Z = G  RZRZ  Z = pt RZ  Z.
(i) If R ∩ Z = 1, then RZ  Z = pw and ce G = t +w.
(ii) If R ∩ Z = p, then RZ  Z = pw−1 and ce G = t +w − 1.
By induction, cl G/R ≤ 2t. Then cl G ≤ cl G/R +w ≤ 2t +w.
Assume that cl G > 2 · ce G; then 2t +w > 2ce G.
In case (i), we have 2t + w > 2t + w, which is impossible. In case (ii),
we have 2t +w > 2t +w− 1, or w < 2, contrary to Lemma I(a) since G
is not cyclic. This completes the proof of (a).
Now suppose that cl G = 2 · ce G. We retain the notation from
part (a).
In case (i), we get 2t +w ≥ 2t +w, which is impossible.
In case (ii), we get 2t +w ≥ 2t +w− 1, so w ≤ 2. Since G is not cyclic
and p > 2, we get w = 2, by Lemma I(a). In that case, by [Bla1, Theorem
4.1(iii)] (see also [B2, Theorem 6.1]), G is metacyclic or is a 3-group of
maximal class.
LetG be a 3-group of maximal class and order 3m > 33. We havem− 1 =
cl G = 2ce G, so m is odd. Recall that G has a metacyclic subgroup
G1 of index 3 and exponent 3e = expG such that !iG1 = 32i for
i = 1 
 
 
  e. We have m = 2e + 1 and ce G = m − e = e + 1. Then
m − 1 = cl G = 2ce G = 2e + 1 = m + 1, which is a contradiction.
Thus, if G is a 3-group of maximal class, its order is 33 and exponent 32; in
that case, ce G = 1 and G is metacyclic.
Proposition 7.13. Suppose that a p-group G is such that G/2G is of
maximal class. Then one of the following holds:
(a) G is of maximal class.
(b) 1G is cyclic and G/1G ≤ pp.
Proof. It follows from 2G ≤ G that dG = 2; moreover,
G/G′ = p2. Therefore, if p = 2, then G is of maximal class, by
Lemma I(c). In what follows we assume that p > 2 and that G is
not of maximal class.
Suppose that G/2G ≤ pp+1; then 1G/2G is of order p, by
[Hup, Satz 3.14.14]. In that case, 1G is cyclic since 11G ≥ 2G.
Now (b) is obvious.
Let G/2G > pp+1; in that case G/2G is irregular, so G/1G
is of order pp and exponent p. Then G/2G has an absolutely regular
subgroup H/2G of index p. Assume that H is not absolutely regular.
Then H/1H ≥ pp. We have expG/1H ≤ p2 so 2G ≤ 1H.
It follows that H/2G is not absolutely regular, contrary to its choice.
Thus H is absolutely regular. Then G = H!1G and !1G = pp, by
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Theorem 7.5. Obviously, H ∩ !1G = !1H is of order pp−1. It fol-
lows that G/!1H = H/!1H × !1G/!1H, !1G/!1H = p.
Since dG = 2, H/!1H is cyclic; then H is cyclic. In that case, G  G′ >
p2, contrary to the result of the ﬁrst sentence of the proof.
It follows from Proposition 7.13 that a p-group G is of maximal class if
and only if G/3G is.
Theorem 7.14. Let G be a p-group of maximal class and order pm,
m ≥ p.
(a) The number of subgroups of order pp−1 and exponent p in G is ≡ 1
mod pm−p.
(b) The number of elementary abelian subgroups of order pp−1 in G is
either 0 or ≡ 1 mod pm−p.
(c) If G contains an elementary abelian subgroup of order pk, k =
p− 1 or p− 2, then G has a normal elementary abelian subgroup of order pk.
Proof. It is easy to check that the theorem is true for p = 2 (see
Lemma I(g), where 2-groups of maximal class are listed). Now we let p > 2.
(a,b) If m = p, the result is trivial. In what follows we assume m >
p; in that case, G is irregular. Let E be a nonnormal subgroup of order
pp−1 and exponent p in G. Then E is not characteristic in N = NGE
(otherwise, N = G). We conclude that N is neither absolutely regular nor
of maximal class. It follows from the description of subgroups of G (see
[Hup, Sect. 3.14]), that N is of order pp and exponent p; in that case, E has
G  N = pm−p conjugates. Since G has a normal subgroup of order pp−1
and exponent p, (a) follows. To complete the proof of (b), it remains to
show that there is inG a normal elementary abelian subgroup of order pp−1
and exponent p. To this end, take in G an elementary abelian subgroup E1
such that the order of N1 = NGE1 is as large as possible. We claim that
E1 is normal in G. Assume that this is false. By the above argument, N1 is
of order pp and exponent p. Let N1 < H ≤ G, where H  N1 = p. Since
the number of abelian subgroups of index p in N1 is ≡ 1 mod p, one of
these subgroups, say E2, is H-invariant. Then N1 < H ≤ NGE2, contrary
to the choice of E1, since E2, as an abelian subgroup of the group N1 of
exponent p, is elementary abelian. Thus, G possesses a normal elementary
abelian subgroup of order pp−1, as desired. The proof of (b) is complete.
(c) Now we let k = p− 2. Let E be an elementary abelian subgroup
ofG of order pp−2 such that the order of N = NGE is as large as possible.
We claim that E is normal in G. Let K be a normal subgroup of G of
exponent p minimal such that K ≤ E (K exists since G possesses a normal
subgroup of order pp−1 and exponent p). Then EK is of order pp−1, and so
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is regular, hence expEK = p. Obviously, K ≤ N in view of EK  E = p,
and EK is normal in N since E is. Let N < H ≤ G, where H  N = p.
Suppose that N is either absolutely regular or irregular of maximal class.
Then EK is characteristic in N , so EK is normal in H. Next, the number of
abelian subgroups of index p in EK is ≡ 1 mod p, so EK contains an
H-invariant abelian subgroup, say E1, of index p (so of order pp−2). Since
EK is of exponent p, E1 is elementary abelian. We have N < H ≤ NGE1,
contrary to the choice of E.
Thus, we may assume that N is of order pp and exponent p (this follows
from the description of subgroups of G; see the proof of (a, b)). We have
H  E = p3. By Alperin’s Theorem [A], H contains a normal abelian
subgroup E1 of index p3. Since H is of maximal class (see [Hup, Sect.
3.14]), we have expE1 = p, so E1 is elementary abelian, contrary to the
choice of E. Thus N = G, i.e., E is normal in G. The proof of (c) is
complete.
Theorem 7.15. Suppose that G is maximal among normal abso-
lutely regular subgroups N of G > 1 such that G ≤ N and
!1N = !1G. Then expG = p.
Proof. Let p = 2; then G = 1G is cyclic, by hypothesis, so
G = 1. It follows that G is elementary abelian, so expG = 2, as
required. In the sequel we assume that p > 2. Set 0 = !1G and
0 = ps.
Assume that G is of maximal class, so G  G = p2. Then G has
an absolutely regular subgroup G1 of index p; in that case, !1G1 =
ps+1, by hypothesis. This is not the case if G is irregular (since !1G1 =
!1G), so assume that G is regular. In that case G ≤ pp, so G 
!1G ≤ p (see [Hup, Sect. 3.14]), and G is of exponent p and index
p2 in G. Then, by hypothesis, all maximal subgroups of G are also of expo-
nent p, and we get expG = p, as claimed. In what follows we assume
that G is not of maximal class.
Let K ≥ G be a greatest subgroup of G not containing a G-invariant
subgroup of order ps+1 and exponent p. If K is regular, it is absolutely
regular, and then K = G. Suppose that K is irregular. Then K contains
a G-invariant subgroup of order pp−1 and exponent p (see the paragraph
preceding Theorem 7.8). In that case, s = p − 1 and !1K = pp−1,
by Hall’s regularity criterion (if K′/1K′ < pp−1, then K is regular), so
!1G = pp−1 since K ≤ G. Then, by Remark 2 (this section),
K is of maximal class. Let K < R ≤ G with R  K = p. By choice, R
possesses a G-invariant subgroup T R of order pp and exponent p; let
A be the subgroup generated by subgroups T R for all such R. Since
G = R ≤ G  K < R R  K = p, it follows that G = AK (see also
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Remark 5, this section). It remains to consider the following two cases:
(i) K is absolutely regular, and (ii) K is irregular of maximal class.
(i) Let K be absolutely regular; then K = G. It follows from G =
AK = AG, where A is deﬁned in the previous paragraph, that G = A
and G = !1G, since A is generated by subgroups T R of exponent p.
We are done if G is regular, so we assume that G is irregular. In the case
under consideration, G/0 = A/0 is elementary abelian, so K = G =
0 is of exponent p. Take x ∈ G−G; then, by hypothesis, H = x0
is of order p0 ≤ pp and exponent p, so ox = p. Since x is arbitrary
and exp0 = p, we get expG = p, and we are done in this case. (The
argument in (i) shows that if G = A, then expG = p. Therefore, let
A < G.)
(ii) Let K be irregular of maximal class. Then, by the above, s =
p − 1 and K  G = p. Since A/0 is a central elementary abelian
subgroup of G/0, we get G/0 = A/0K/0 = C/0 × K/0
for some C/0 ≤ A/0. Assume that 0 < G; then expG >
p. In that case, 0 ≤ K and G  K = p. Then G/K =
AK/KK/K. Since AK/K is an elementary abelian
subgroup of ZG/K and K/K is elementary abelian (of order p2),
it follows that G/K is elementary abelian. In that case, G ≤ K,
which is a contradiction, since K has index p in G. Thus G = 0.
Then, as in the previous paragraph, every element in G−0 has order p,
so expG = p, as desired.
Lemma 7.16. Let A be a proper absolutely regular subgroup of a p-group
G, expA > p, such that whenever A < B ≤ G with B  A = p, then
!1B = B. Then G is of maximal class. If, in addition, A > pp, then
G  A = p.
Proof. Let A < B ≤ G be such that B  A = p. Since !1B = B is of
composite exponent, B is irregular. It follows from Theorem 7.5 that B is
of maximal class. Set N = NGA. Assume that G is not of maximal class.
Then N is not of maximal class as well, by [B7, Remark 3]. By what has just
been proved, N  A > p. Let D be an N-invariant subgroup of index p2
in A. Let B/D be a subgroup of order p3 in CN/DA/D containing A/D.
Then B/D is abelian of order p3, so B is not of maximal class, contrary to
what has been proved already since B  A = p. The above argument also
shows that N  A = p and N is of maximal class. If, in addition, A > pp,
then A is characteristic in N (see in [Hup, Satz 14.4] the description of
maximal subgroups in N) so N = G. In that case, A ≤ G1, where G1
is the fundamental subgroup of G. Assuming that A < G1, we see that
!1G1 ⊇ G1 − A, so !1G1 = G1. This is a contradiction since G1 is
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regular and expG > p. Thus, A = G1 is of index p in G. The proof is
complete.
Remarks. 10. Suppose that a p-group G is not absolutely regular.
Then one of the following holds: (a) ZpG is irregular; (b) G is of max-
imal class; (c) G contains a characteristic subgroup of order ≥pp and
exponent p. Suppose that (a) and (b) do not hold. Then ZpG is regular.
By Theorem 7.6, G contains a normal subgroup R of order pp and expo-
nent p. Since R ≤ ZpG, !1ZpG is a characteristic subgroup of G of
order ≥ pp and exponent p, so G satisﬁes (c).
11. Suppose that a p-group G is not absolutely regular and that ZG
is noncyclic. Then G possesses a normal subgroup R of order pp and expo-
nent p (Theorem 7.6). Since !1ZGR is of exponent p, we may assume
that R ∩ZG is noncyclic. Then R ≤ Zp−1G, so !1Zp−1G is a char-
acteristic subgroup of G of exponent p and order ≥ pp, since Zp−1G is
regular and contains R.
12. For a p-group G, let peG be the maximum of orders of sub-
groups of exponent p in G. Let p > 2 and suppose that G has an ele-
mentary abelian subgroup E of order peG. We claim that then G has a
normal elementary abelian subgroup of order E containing all G-invariant
elementary abelian subgroups of G. We may assume that E < G. We are
working by induction on G. Let E ≤ M < G, where M is maximal in
G. By induction, M has a unique normal elementary abelian subgroup of
order peM= peG; denote that subgroup by E again. Since E is char-
acteristic in M , it is normal in G. Let E1 be a normal elementary abelian
subgroup of G. Since p > 2, EE1 is a subgroup of exponent p, so E1 ≤ E
since EE1 ≤ peG. (It is possible to prove that if a p-group G, p > 3, has
an elemenrary abelian subgroup of order peG−1, then it contains a nor-
mal elementary abelian subgroup of the same order. For related results,
see Section 15.)
13. Let G be a p-group and let H ≤ G be a subgroup of maximal
class. Suppose that H ∩ Z = 1 for every cyclic subgroup Z of G not
contained in H. (i) If p = 2, then H = G. (ii) If p > 2 and H > pp+1,
then H = G. Indeed, assume that H < G. Every maximal cyclic subgroup
of H is also maximal cyclic in G, by hypothesis. Let H < B ≤ G with
B  H = p. By hypothesis, all elements of B −H have order p, so, since
H is nonabelian, p > 2, proving (i). Now assume that H > pp+1. We have
c1B ≡ c1H ≡ 1 + p + · · · + pp−2 mod pp. Therefore, by Theorem
7.10(a), B is of maximal class. If B1 is the fundamental subgroup of B, then
B1 − H contains elements of composite orders, contrary to supposition.
Thus H = G, completing the proof of (ii).
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14. Let H ∼= Mpn be a proper subgroup of a p-group G, p > 2.
Then there exists a cyclic subgroup L in G not contained in H such that
H ∩L > 1. Indeed, assume that such L does not exist. Since p > 2, H is
absolutely regular. Let H < B ≤ G, where B  H = p; then all elements in
B−H have prime order. It follows from B−H = B that G is of maximal
class, by Lemma 7.16 (also B is of maximal class, as follows from the proof
of Lemma 7.16). Since B has no normal subgroup of order p4 and exponent
p, we get p = 3, by Theorem 7.6. If n > 3, ZH is cyclic of order >p and
normal in B, which is impossible. Thus, n = 3, so B = 34. Since B has
an abelian subgroup A of index 3, it follows that A is elementary abelian
(indeed, all elements in B − H are of order 3), so B is isomorphic to a
Sylow 3-subgroup of the symmetric group of degree 9. Then B contains a
metacyclic subgroup A of index 3, A = H. This is a contradiction since all
elements in B−H have order 3 and A is generated by elements of order 3.
15. Suppose that the Hp-subgroup A of a p-group G is absolutely
regular. Then, if A < G and expG > p, then G is of maximal class,
by Lemma 7.16. (It is easy to show that, in the case under consideration,
G  A = p.)
16. If G is a p-group of maximal class, then either !1G = pp−1 or
(ii) G  !1G ≤ p. Indeed, this is true if G ≤ pp+1 (indeed, in that case
G contains a normal subgroup of order pp−1 and exponent p). Suppose
that G > pp+1 and !1G = pp−1; then !1G > pp−1 and !1G is
not absolutely regular. It follows from the description of subgroups of G
that only non-absolutely regular normal subgroups of G are maximal in G
or G itself.
8. CHARACTERISTIC SUBGROUPS OF METACYCLIC GROUPS
In this section we show that metacyclic groups have many characteristic
subgroups.
If G = ∏ki=1 pαii is the standard prime decomposition, set λG =∑k
i=1 αi.
Deﬁnition. A group G > 1 is said to be a (∗)-group if G = C1 ×
C2 ×Q, where either Q is the ordinary quaternion subgroup of odd index
or Q = 1, and C1 and C2 are isomorphic cyclic groups.
Clearly, (∗)-groups are metacyclic: a nilpotent group is metacyclic if and
only if all of its Sylow subgroups are metacyclic.
Lemma 8.1. (a) A (∗)-group has no characteristic subgroup of prime
index.
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(b) Let G be a metacyclic p-group with odd numbers p and λG.
Then for each n ≤ λG, G has a characteristic subgroup H with λH = n.
(c) Let G be a nonabelian metacyclic p-group, p > 2. Then for each
n ≤ λG, G has a characteristic subgroup H with λH = n.
(d) Let G be an abelian metacyclic p-group. If for some n < λG, G
has no characteristic subgroup H with λH = n, then G is a direct product
of two isomorphic cyclic subgroups, i.e., G is a (∗)-group.
(e) Let G be a nonabelian metacyclic 2-group. If for some n < λG,
G has no characteristic subgroup H with λH = n, then G is the ordinary
quaternion group.
(f) Let G be a nilpotent metacyclic group. If for some n < λG, G has
no characteristic subgroup H with λH = n, then G is a (*)-group.
Proof. We are working by induction on G. In the case where G is a
p-group, set expG = pe. In all cases we assume that G is not cyclic.
(a) The proof is trivial.
(b) Set G1 = !e−1G; then G  G1 = p since G is regular and
λG is odd. Set G2 = 1G; then G2 < G1 and G  G2 = p2. Now the
result follows by induction applied to G2 since λG2 is odd.
(c) In view of (b), we may assume that λG is even. Let R be a
subgroup of order p inG′; R is characteristic inG sinceG′ is. Since λG/R
is odd, the result follows from (b).
(d) The proof is trivial.
(e) Let R be a subgroup ofG′ of order 2; then R is characteristic inG.
By induction, either G/R = C1/R × C2/R, where C1/R and C2/R are
cyclic of the same order, or else G/R ∼= Q8. The second case is impossible
in view of Lemma I(c), since Q8 is not a proper epimorphic image of a 2-
group of maximal class. Thus, we have to consider the ﬁrst case. Set K/R =
!1G/R. Then K = 23 and K is characteristic in G. If K is nonabelian,
then G is of maximal class, by Section 1, Remark 3, and it is easy to check
that then G is the ordinary quaternion group. Let K be abelian. Then it is
of type 22 2. In that case, R, !1K, and K are characteristic in G. Now
the result follows from (d) since the abelian group G/R or G/!1K is of
order 2s with odd s.
(f) The proof follows from (a)–(e).
The main result of this section is the following.
Theorem 8.2. Let G be a metacyclic group not necessarily of prime power
order. If for some n < λG, G has no characteristic subgroup H with λH =
n, then G is a (∗)-group.
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Proof. We are working by induction on G. By Lemma 8.1(f), we may
assume that G is nonnilpotent. Let R be a subgroup of G′ of prime order,
say p. Obviously, in G/R the assumption of the theorem is fulﬁlled since
R is characteristic in G. Then by induction, G/R = C1/R × C2/R ×
Q/R, where the factors are described as in the deﬁnition of a (∗)-group.
Since G is nonnilpotent, R ≤ ZG, so p is not the minimal prime divisor
of G.
Assume that G has a characteristic subgroup H of prime index. It is clear
that then, for some n < λH, H has no characteristic subgroup K with
λK = n. By induction, H is a (∗)-group, and so is nilpotent. In that case,
R ≤ H (otherwise, G = R ×H is nilpotent), and CGR = H since R ≤
ZH and R ≤ ZG. It follows that G/H is isomorphic to a nonidentity
subgroup of a cyclic group of order p − 1. Let P ∈ SylpH = SylpG;
then P = p2t since p > 2 (recall that H is a (∗)-group). Then G/R is not
a (∗)-group since P/R = p2t−1 and p > 2, and this is a contradiction. Thus
G has no characteristic subgroup of prime index. Since G/CGR = G/H is
isomorphic to a nonidentity subgroup of the cyclic group of order p− 1, it
has a characteristic subgroup F/H of prime index; then F/R is characteristic
in G/H, so F is a characteristic subgroup of G of prime index, since R and
H are, contrary to what has just been proved. The proof is complete.
Remark. Using the results of this section, it is possible to prove the
following result [B12, Corollary 6.2]. Let G be a nonsupersolvable minimal
nonmetacyclic group. Set QG = H ′  H < G. Then (i) all indices of a
segment QG > H1 > · · · > Hk = 1 of a chief series of G are primes;
(ii) G/QG is minimal nonabelian of order paq2 with cyclic Sylow p-
subgroup; (iii) QG ≤ G; (iv) q does not divide G.
9. p-GROUPS G WITH LARGE P-PART OF expAutG
Using some ideas of the paper of Miller [Mi2], we offer other proofs of
some of his results on p-groups G with large expAutGp and consider a
new situation.
In the sequel we retain the following notation: if ϕ is a given p-
automorphism of a p-group G, then ϕ ∈ P ∈ SylpAutG, where P is
ﬁxed. Denote by W = P · G the natural semidirect product compatible
with action of P on G; then W is a Sylow p-subgroup of the holomorph
of G.
Lemma 9.1. Let A be a W -invariant subgroup of a p-group G, where
W is as in the preceding paragraph. Suppose that pr+1 does not divide the
exponents of AutG/A and AutA. Suppose also that expA ≤ pe. Then
pr+e+1 does not divide expAutG.
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Proof. Let ϕ ∈ P and set ψ = ϕpr . By assumption, ψ induces identity
automorphisms on G/A and A. So if g ∈ G, we have gψ = ga for some
a ∈ A. It follows that gψpe = gape = g, so ϕpr+e = ψpe = idG, as desired.
Theorem 9.2 [Mi2, B0]. Let G be a group of order pm with automor-
phism ϕ of order pm−1. Then one and only one of the following holds:
(a) m ≤ 2.
(b) p > 2 and G is cyclic.
(c) G is noncyclic of order 8.
(d) G is dihedral or generalized quaternion, m > 3.
Proof. Of course, groups (a)–(d) satisfy the hypothesis. Easy check-
ing allows us to assume that m > 3 (for p > 2, see Lemma I(d);
AutD8 ∼= D8 ∼= AutC4 × C2 and AutQ8 ∼= S4) and that G is not
cyclic and is not a 2-group of maximal class. Then (Lemma I(a)) G has a
W -invariant abelian subgroup A of type pp. Since G/A = pm−2, pm−2
does not divide expAutG/A. Next, pm−2 does not divide expAutA
since AutAp = p and m − 2 > 1. Hence we can set, in the notation
of Lemma 9.1, r = m − 3, pe = p = expAp. Then, by Lemma 9.1,
pr+e+1 = pm−1 does not divide expAutG, which is a contradiction.
Now we consider the groups of order pm with automorphism of order
pm−2.
Theorem 9.3 [Mi2]. Let G be a group of order pm, p > 2, m ≥ 7. If G
has an automorphism ϕ of order pm−2, then G contains a cyclic subgroup of
index p.
Proof. Suppose that G has no cyclic subgroup of index p. Then G has
a W -invariant subgroup A of order p4 and exponent at most p2. One can
take, in the notation of Lemma 9.1, r = m − 5, pe = p2 ≥ expA. Since
G/A = pm−4 = pr+1, it follows that pr+1 does not divide expAutG/A.
Since r + 1 = m− 4 ≥ 3 and p3 does not divide expAutA, by Theorem
9.2, we conclude that pr+e+1 = pm−2 does not divide expAutG, by
Lemma 9.1, which is not the case. Thus G has a cyclic subgroup of index
p, as desired.
Remarks. 1. [BM] If a group G of order 2m, m > 5, admits an auto-
morphism ϕ of order 2m−2, then G′ is cyclic. Indeed, suppose that G′ is
not cyclic; in that case, G  G′ > 4, by Lemma I(c, g). Then G′ has a
W -invariant abelian subgroup A of type 2 2, by Lemma I(a, f). Next,
G/A  G′/A = G  G′ > 4, so G/A is not of maximal class. Setting
r = m− 4, we see that 2r+1 does not divide expAutG/A, by Theorem
9.2, since m− 2 > 3, and expAutA since r + 1 > 1. Since expA = p,
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take e = 1. Therefore, by Lemma 9.1, 2r+e+1 = 2m−2 does not divide
expAutG, a contradiction. Thus G′ is cyclic.
2. [Mi2, BM] Let G be a group of order 2m, m > 5, and let A be a
W -invariant abelian subgroup of type 2 2 in G such that G/A is neither
dihedral nor generalized quaternion. Then G admits no automorphism of
order 2m−2. To prove, this, we can use Theorem 9.2 and repeat, word for
word, the argument of the previous remark.
3. [BM] Let G be a group of order 2m, m > 5, with an automor-
phism ϕ of order 2m−2. Then one of the following holds: (a) either G is
cyclic or of maximal class, (b) G is of class m− 2 and G′ is cyclic of index
8. Indeed, if G has no W -invariant subgroup of type 2 2, it is cyclic or
of maximal class, by Lemma I(a). By Remark 1, (this section), G′ is cyclic.
The assertion on the index of G′ in G now follows from Remark 2 (this
section) and Lemma I(c).
Proposition 9.4. Let G be a group of order pmp > 2m > 7. If G
possesses an automorphism ϕ of order pm−3, then one of the following holds:
(a) G is metacyclic.
(b) G has a normal subgroup A of order p3 and exponent p such that
G/A is cyclic.
Proof. Suppose that G contains a W -invariant subgroup A of order p3
and exponent p. Assume that G/A is not cyclic. Setting r = m− 5, we see
that G/A (by Theorem 9.2) and A (by Lemma I(d)) have no automor-
phisms of order pr+1. In the notation of Lemma 9.1, e = 1. Therefore, by
Lemma 9.1, G has no automorphism of order pr+e+1 = pm−3, a contradic-
tion. Thus, if A exists, G/A is cyclic.
Suppose that G has no normal subgroup of order p3 and exponent p. By
[Bla1, Theorem 4.1(iii)], G is metacyclic or is a 3-group of maximal class.
Suppose that G is a 3-group of maximal class. Let A be a normal sub-
group of order 34 in G. It is known that A is metacyclic of exponent 32,
so A does not admit an automorphism of order 33, by Theorem 9.2. Set
r = m− 6. Then by Theorem 9.2, G/A and A have no automorphisms of
order 3r+1. In the notation of Lemma 9.1, e = 2. By Lemma 9.1, G has no
automorphism of order pr+e+1 = pm−3, which is a contradiction. Thus G is
metacyclic, completing the proof.
Using the main result of Janko [Z. Janko, Finite 2-groups with no normal
elementary abelian subgroups of order 8, submitted] about 2-groups without
normal elementary abelian subgroup of order 8, it is possible to obtain a
good description of groups of order 2m, m > 7, admitting an automorphism
of order 2m−3.
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Let G be a group of order pm dG = d. Then (Hall) AutG divides
the number pd − 1pd − p · · · pd − pd−1Gd = pd − 1 · · · p −
1pt , where t = m − dd + 12dd − 1. Note that 12mm − 1 − t = 12
m − dm − d + 1 ≥ 0. Assume that AutGp = p1/2mm−1. Then
m = d or d + 1, i.e., G ≤ p. In particular, if G is abelian, it is elemen-
tary abelian or of type p2 p 
 
 
  p. Note that the nonabelian groups G
of order pm such that p1/2mm−1 divides AutG are also classiﬁed [Mi2,
Sect. 4].
10. TWO THEOREMS OF SUZUKI ON LATTICE ISOMORPHISMS
Let G be the set of all subgroups of a group G. Then G is a lattice
with respect to the following operations: AB  → A ∩ B and AB  →
AB. Two groups G, G1 are said to be lattice isomorphic if there exists an
isomorphism ϕ G → G1. In that case, for AB ∈ G, we have
A ∩ Bϕ = Aϕ ∩ Bϕ, ABϕ = AϕBϕ, and A ∼= Aϕ.
In what follows we will assume that groups GG1 are lattice isomorphic
and ϕ is an isomorphism of G onto G1.
Some easy facts which we use in what follows are collected in the
following
Lemma 10.1. Let ϕ G → G1 be a lattice isomorphism. Then
(a) Gϕ = Gϕ = G1 and G/G ∼= G1/G1.
(b) If G ∼= Cpm , then Gϕ ∼= Cqm for some prime q. Next, Cpm ∼=
Cqm.
(c) If p q are distinct primes and G = Cpq, then Gϕ ∼= Crs for some
distinct primes r s.
(d) If G is elementary abelian of order p2, then either Gϕ ∼= G or Gϕ is
isomorphic to a nonabelian group of order qp, where a prime q divides p− 1.
(e) If G is a nonabelian group of order qp, p q are distinct primes,
p > q, then either G1 ∼= Ep2 or G is a nonabelian group of order rp, where a
prime r divides p− 1.
We omit the easy proof of this lemma.
Lemma 10.2 (O. Ore). Suppose that G ∼= Cm and G1 are lattice isomor-
phic. Then G1 is also cyclic.
Proof. We will use induction on G. Assume that G1 is not cyclic. Then,
by induction, G1 is a minimal noncyclic group. It follows that G1 is one of
the following groups: (i) Ep2 , (ii) Q8, or (iii) a nonnilpotent group Cpa · Cq
with kernel Cq, where p q are distinct primes and G1/ZG1 = pq.
By Lemma 10.1(d), G1 ∼= Ep2 , so case (i) is impossible.
Assume that G1 ∼= Q8. Then G has only one subgroup of prime order,
i.e., G ∼= Cpn , contrary to Lemma 10.1(b).
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Assume case (iii). Then G1 ∼= Cpa−1 and G1/G1 is nonabelian of
order pq, so πG = 2, by Lemma 10.1(e) and properties of -subgroups.
In that case, G has exactly two maximal subgroups. Since the number of
maximal subgroups of G1 is 1+ q > 2, we get a contradiction.
Let p be a prime. A group G is said to be a -group [Suz] if it is either
an elementary abelian p-group or G = Q · P , where Q is of prime order
q = p, P is an elementary abelian p-group, and the action of Q on P is
nontrivial scalar (in particular, G is a Frobenius group with kernel P and
complement Q). It is clear that if a -group is a nonnilpotent qp-group,
then q divides p− 1, so p is odd.
Lemma 10.3. Let G = Q · P ∼= Cq · Epn−1 be a -group, where p and q
are distinct primes, q < p. Then G and G1 ∼= Epn are lattice isomorphic.
Proof. This is trivial.
Lemma 10.4. Let G ∼= Epn , n > 1. Then G1 = Gϕ is elementary abelian
p-group or a -group.
Proof. If G1 is a p-group, it is elementary abelian since G1 = 1,
by Lemma 10.1(a). In what follows we assume that G1 is not a p-group. We
are working by induction on n. In view of Lemma 10.1(c), we may assume
that n > 2. Clearly, H1 = 1 for all H1 ≤ G1 (Lemma 10.1), so all
elements of G1 have prime orders and all nilpotent subgroups of G1 are
elementary abelian. Let q = p be a prime divisor of G1 and let Z1 be a
subgroup of order q in G1. Let Z < G be such that Zϕ = Z1 and let E be
a subgroup of order p2 in G containing Z. By Lemma 10.1(c), E1 = Eϕ is
a nonabelian group of order qp and q divides p − 1. By Lemma 10.1(b,–
d), q2 does not divide G1. By Lemma 10.1(b–d), Burnside’s Theorem on
normal complement [I1, Theorem 9.13], and the structure of the Frobenius
complement, P1, a Sylow p-subgroup of G1, is normal and G1  P1 = q.
By the above, P1 is elementary abelian, and G1 = Z1 · P1 is a Frobenius
group with kernel P1, by Lemma 10.1(d). If L1 is a subgroup of order p
in P1, then λZ1 L1 = 2 since, if L ≤ G is such that Lϕ = L1, then
ZL is abelian of type pp. It follows that all subgroups of P1 are Z1-
invariant. It is a standard fact that then a generator of Z1 induces a scalar
transformation on P1, i.e., G1 is a -group.
Remarks. 1. Let G = F · H be a semidirect product with kernel H,
F  H = 1. It is known that H ≤ G. We claim that H =
H ∩ G. Without loss of generality, we may assume that H = 1;
then it sufﬁces to show that D = H ∩ G = 1. Assume that this is
false: D > 1 (note that D is normal in G). It follows from D ≤
H = 1 that D is abelian of square free exponent. Let K be a subgroup
of H minimal such that KD = H. Then K ∩ D ≤ K and K ∩ D is
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normal in H. It follows that then K ∩D ≤ H = 1, so H = K ·D is
a semidirect product. Let p be a prime divisor of D, P1 ∈ SylpK, P2 ∈
SylpD. Then P1P2 ∈ SylpH ⊆ SylpG and P1 ∩P2 = 1. By Gaschu¨tz’s
Theorem [Hup, Hauptsatz 1.17.4], there exists T < G such that G = T · P2
with T ∩ P2 = 1. As P2 ≤ D ≤ G, we get G = T , so P2 = 1, a
contradiction since p divides D. It follows that D = 1 = H ∩G, as
desired.
2. Let G be unsolvable, but let all of its proper subgroups be solvable.
Let N be a maximal normal subgroup of G; then G/N is nonabelian simple
since N is solvable. If H is a maximal subgroup of G, then HN < G since
HN is solvable. It follows that N < H, so N = G and G/G is
nonabelian simple.
We are ready to prove the following
Theorem 10.5 [Suz]. If G is a noncyclic p-group and G ∼= G1,
then either G1 is a p-group or a -group.
Proof. We are working by induction on G.
Let ϕ be an isomorphism of G onto G1. In view of Lemmas 10.1
and 10.4, we may assume that G is neither cyclic nor elementary abelian.
Then G > 1, so G1 > 1, by Lemma 10.1(a). Assume that G1 is
not a p-group. Then G1/G1 is not a p-group (by Schur–Zassenhaus), so
it is a -group, by Lemmas 10.1(a) and 10.4. Set G1/G1 = qpn, where
p and q are primes and q divides p − 1. Then G1 = Q1 · P1, where P1 ∈
SylpG1 is normal in G1 and Q1 ∈ SylqG1 (this follows from properties
of -subgroups). By Lemma 10.1(c), Q1 = q and G1 has no element of
order pq. It follows that G1 is a Frobenius group with kernel P1. By Remark
1, G1 = P1. Set P = Pϕ
−1
1 ; then P is maximal in G. IfM is a maximal
subgroup of G and M = P , then M is elementary abelian, by Lemma 10.4,
since Mϕ is not a p-group (indeed, P1 is the unique maximal subgroup
of G1 which is a p-group). Let n > 1. Then expG = p since the class
of G is at most two and p > 2 (indeed, G = MN , where MN , P are
distinct maximal subgroups of G and MN are elementary abelian). Then
G has at least 1+ p+ · · · + pn − 1 > 1+ p elementary abelian maximal
subgroups, where dG = n+ 1, so G itself is elementary abelian (indeed,
if a p-group has > p + 1 abelian maximal subgroups it is abelian), which
is not the case. Let n = 1. Then P1 is cyclic and G1 has exactly 1 + P1
subgroups of prime order, so c1G = 1+ P1 (here c1G1 is the number
of subgroups of G1 of prime orders) and hence P1 = p, by Kulakoff’s
Theorem (Section 7, Remark 6) since c1G = c1G1. Then G = p2,
contrary to the assumption (see the second sentence of this paragraph).
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Lemma 10.6. Let G be a minimal nonnilpotent group such that λG > 2
and G′ ∈ SylqG. Then G1 = Gϕ is also minimal nonnilpotent and G′1 ∈
SylqG1. (It is possible that πG1 = πG.)
Proof. Let G = P · Q, where Q = G′ ∈ SylqG, P ∈ SylpG, and let
b ∈  be the least integer such that p divides qb − 1. Then (see [G, R])
G/G is of order pqb with maximal subgroup of order p, and this
group has exactly 1 + qb maximal subgroups; then G1/G1 has a max-
imal subgroup of prime order, say r. It follows, by Theorem 10.5, that
G1/G1 = rst , where r s are distinct primes and t ∈  is least such that
r divides st − 1 (this follows from [I1, Theorem 9.13]).
Suppose that b > 1. Then t > 1 and G1/G1 has a normal r-
complement, by [I1, Theorem 9.13], and then G1 = P1 · Q1, where
P1 ∈ SylrG1, Q1 ∈ SylsG1. Since G1 has exactly 1 + st maximal sub-
groups we get st = qb, i.e., s = q and t = b. By Remark 1 (this section),
Q1 ∩ G1 = Q1. Suppose that Q1 > 1. Then Qϕ = Q1, by
Theorem 10.5. It follows from properties of minimal nonnilpotent groups
(see [G, R]) that Q1 = Q < qb, so by Sylow’s Theorem, P1Q1
is nilpotent and P1 centralizes Q1. Since all Sylow r-subgroups generate
G1, it follows that Q1 ≤ ZG1 and then all maximal subgroups of G1
are nilpotent. Now suppose that Q1 = 1. Then P1  G1 = r, and,
again, as can easily be seen, G1 is minimal nonnilpotent.
Suppose that b = 1. Then Q = q, so Q1 = q and P1  G1 = r.
As in the last sentence of the previous paragraph, G1 is minimal
nonnilpotent.
Now we are ready to give an alternative proof of the following classical
Theorem 10.7 [Suz]. Let G be solvable and let ϕ be an isomorphism
from G onto G1. Then G1 is also solvable.
Proof. Let G1 be a counterexample of minimal order. Then G1 is non-
solvable but all of its proper subgroups are solvable. In that case, G1/G1
is nonabelian simple, by Remark 2 (this section). As G1/G1 and
G/G are lattice isomorphic, by Lemma 10.1(a), we have G1 = 1,
by induction, so G1 is nonabelian simple. Let K be a normal subgroup of
prime index, say r, in G and set K1 = Kϕ.
Let q be the least prime divisor of G1 and let S1 = P1 ·Q1 be a minimal
nonnilpotent subgroup of G1, where Q1 = S′1 ∈ SylqS1 and P1 ∈ SylpS1
(by Frobenius’ Normal Complement Theorem [I1, Theorem 9.18], such S1
exists). Set S = Sϕ−11 . Since Q1 > q, we have λS1 > 2, so λS > 2
and S is minimal nonnilpotent, by Lemma 10.6. Assume that S ≤ K. Then
G = KS since K is normal of prime index r in G. It follows that r = p,
and so S′ = Q = Qϕ−11 ≤ Kϕ
−1
1 = K. This inclusion is also true if S ≤ K. It
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follows that S′1 = Q1 ≤ K1 for every choice of S1. Thus, if q is the minimal
prime divisor of G1 and D1 is generated by normal Sylow q-subgroups
of all minimal nonnilpotent subgroups of G1, then D1 ≤ K1< G1. Since
D1 > 1 is normal in G1, it follows that G1 is not simple, a contradiction.
Thus, G1 is solvable, as required.
Proposition 10.8. Let G and G1 be groups of order pm and let G ∼=
G1 via ϕ. Then
(a) If G is metacyclic so is G1.
(b) If !1G = G and N is normal in G, then N1 = Nϕ is also normal
in G1.
(c) If G is of maximal class and m > p+ 1, so is G1. Furthermore, if,
in addition, N is normal in G, then Nϕ is normal in G1.
(d) If G ∈ SylpSpn, n > 1, then G1 ∼= G. Furthermore, KiGϕ =
KiG1 for i > 1.
Proof. (a) If p > 2, then G1/1G1 = G/1G ≤ p2, so G1 is
metacyclic, by Section 3, Remark 1. If p = 2, the result follows from
Theorem 3.3: G1 and all maximal subgroups of G1 have two generators
since the same is true for G.
(b) Let Z1 be a subgroup of order p in G1, Z1 ≤ N1, and Z = Zϕ
−1
1 .
Since K = ZN has order pN, K1 = Kϕ has order pN = pN1. Since
K1 = Z1N1, Z1 normalizes N1. It follows that G1 = !1G1 normalizes
N1, as desired.
(c) We have c1G1 = c1G ≡ 1+ p+ · · · + pp−2 modpp, so G1
is absolutely regular or is of maximal class, by Theorem 7.10(a). Since
G1/1G1 = G/1G = pp, G1 is not absolutely regular. The remain-
ing assertions in (c) follow from Proposition 10.9.
(d) It is known that G is transitive on the set 1 
 
 
  pn. Let H
be the stabilizer of a point in G and let H1 = Hϕ. We have G1  H1 =
G  H = pn. It remains to show that if N1 =
⋂
x1∈G1 H
x1
1 , then N1 = 1:
indeed, then G1 is a subgroup of Spn so, since G1 = G, we have G ∼= G1,
by Sylow’s Theorem. Let N = Nϕ−11 ; then N < H. Since !1G = G we
have !1G1 = G1 so N is normal in G, by (b). In our case, N ≤ HG =⋂
x∈G Hx = 1, so N = 1. It follows that N1 = Nϕ = 1, as desired.
Proposition 10.9. Suppose that a p-group G contains a regular subgroup
H of exponent pe and index p such that G/1H is of exponent p. Let ϕ be
a lattice isomorphism of G onto a p-group G1. Then there exists a chief series
1 = H0 < H1 < 
 
 
 < Hm = G such that Hiϕ is normal in G1, for all i.
Moreover, the last assertion is also true if G is regular or of maximal class.
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Proof. In view of Proposition 10.8(b), we may assume that e > 1; then,
by hypothesis, 1H = 1G > 1. Obviously, it sufﬁces to prove that G
has a normal subgroup N ≤ 1H of order p such that N1 = Nϕ is also
normal in G1, and then apply induction to G/N and G1/N1. Set
H1 = Hϕ F = !e−1H F1 = !e−1H1 = Fϕ!
note that F ≥ 1H = 1G > 1, so F1 ≥ 1H1 = 1G1 > 1 and
F1 is characteristic in H1 "G1 and so is normal in G1. Let D/F be a G/F-
invariant subgroup of order p in H/F and let D1 = Dϕ. By Proposition
10.8(b), D1/F1 is normal in G1/F1 since G/F and G1/F1 are of exponent
p. By construction, expD = pe = expD1. Since D ≤ H is regular, it
follows that p = D  F  = D  !e−1D = e−1D, i.e., N = e−1D
is of order p. Setting N1 = e−1D1, we see that N1 is a characteristic
subgroup of D1 of order p, so N1 < H1 is normal in G1. Since N1 = Nϕ,
we are done.
Let G be regular of exponent pe. We may assume that G is not cyclic
and e > 1. Set F = 1G, F1 = Fϕ. Let D/F be a normal subgroup of
order p in G/F and N = e−1D; then N is a characteristic subgroup of
D of order p, so N is normal in G. Set D1 = Dϕ, N1 = e−1D1; then
N1 = Nϕ is normal in G1, by construction. Applying induction to G/N and
G1/N1, we prove the proposition in this case.
Let G be of maximal class. In view of the result of the previous para-
graph, we may assume that G is irregular, i.e., G > pp. Then G contains
an absolutely regular subgroup H of index p such that 1H = 1G,
and the result follows from the ﬁrst paragraph of the proof.
11. TWO THEOREMS OF KAZARIN
All results of this section are due to Kazarin [Kaz1].
Deﬁnition 1. If all cyclic subgroups of a p-group G of composite
orders are normal, then G is said to be a p-group.
In this section we classify p-groups [Kaz]. Next, we prove that p is
equivalent to the following condition: Whenever 1 < B < A ≤ G, where
A is cyclic, then NGB = NGA. All proofs in this section, apart from the
proof of the Supplement to Theorems 11.1 and 11.3, are due to the author.
Obviously, sections of p-groups are p-groups.
Proposition 11.1. Let G be a nonabelian p-group of composite expo-
nent and p > 2. Then G′ = p.
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Proof. Let Z be a cyclic subgroup of G of order p2 and let C0 be a
subgroup of order p in Z; then C0 is normal in G since Z is. It sufﬁces
to show that G/C0 is abelian, i.e., C0 = G′. Assume that G/C0 has a non-
normal subgroup K/C0 of order p (otherwise, by theorem on the structure
of Dedekindian groups, G/C0 is abelian since p > 2). By hypothesis, K is
abelian of type pp. Set H = KZ; by the product formula, H = p3.
Since p > 2, H contains exactly p cyclic subgroups of order p2, and they
generate H, so H is normal in G. Then, however, !1H = K is also nor-
mal in G, contrary to the choice of K. Thus, C0 = G′.
Lemma 11.2. Let G be a 2-group. Then
(a) If ZG contains a subgroup L of order 2 such that G/L ∼= Q8,
then L is a direct factor of G.
(b) If T is a cyclic subgroup of G of order 2e, e > 1, then G/T ∼= Q8.
Proof. (a) It is easy to check that G has no cyclic subgroup of index 2.
We have L ≤ G′ (otherwise, G is of maximal class, by Taussky’s Theorem,
contrary to Lemma I(g)). Let Z/L be a cyclic subgroup of order 4 in G/L;
then Z is abelian of type 4 2. It follows that !1Z = ZG. Thus, all
subgroups of order 2 are normal in G, so, by hypothesis, all cyclic subgroups
are normal in G; hence G is Dedekindian. Then L is a direct factor of G.
(b) Assume that G/T ∼= Q8. We are working by induction on G.
Let L be a subgroup of order 2 in T . By induction, T/L = 2, so, by (a),
G/L = T/L × Q/L, where Q/L ∼= Q8. By (a) again, Q = L×Q1, where
Q1 ∼= Q8. Since Q1 is generated by cyclic subgroups of order 4, it is normal
in G. Since T ∩Q1 ≤ T ∩Q ∩Q1 ≤ L ∩Q1 = 1, we get G = T ×Q1.
Since all subgroups of order 2 are normal in G, G is Dedekindian, which
is not the case: T is cyclic of order > 2.
It is known that a nontrivial H2-subgroup is abelian of index 2 in G. If
G is a p-group, then HpG centralizes G′ since generators of HpG,
elements of composite orders, centralize G′.
If, in a metacyclic 2-group G, either !1G is not of type 2 2 or G
possesses a nonabelian subgroup of order 8, then G is of maximal class, by
Section 1, Remark 3.
Theorem 11.3. If G is a nonabelian 2-group, then one of the following
holds:
(a) G′ = 2.
(b) G = U · A, where A = H2G has index 2 in G. (In that case,
!1G = G and expZG = 2.)
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Proof. Let G be a counterexample of minimal order.
Every cyclic subgroup of G of composite order centralizes G′, so H2G
centralizes G′. Since G  H2G ≤ 2, G′ < H2G. If G  H2G = 2,
we have case (b). In what follows, we assume that G = H2G; then G′ ≤
ZG.
(i) Suppose that G′ > 4. Let C be a subgroup of order 2 in G′ ∩
ZG; then, by induction, G/C possesses an abelian subgroup A/C of
index 2 such that all elements in G/C − A/C are involutions since
G/C′ = G′/C > 2. Let x ∈ G−A; then x2 ∈ A. Assume that x is not
an involution. Then X = x is cyclic of order ≥ 4 and so is normal in G.
It follows from the structure of G/C that XC/C = 2, so C < X. In that
case, G/C = A/C × X/C is abelian, so C ≥ G′, a contradiction. Thus,
x is an involution, and we obtain case (b). It remains to consider the case
where G′ is of order 4; then G′ is cyclic or is abelian of type 2 2.
(ii) Let G′ = c be cyclic of order 4. We have c = x y for x y ∈
G. Set H = x y; then H ′ = G′ = c is a central subgroup of order 4.
We see that (a nonabelian 2-group) H of composite exponent is not a
group from the conclusion of the theorem, so H = G, by induction. If x y
are involutions, then G is dihedral of class 2, so G′ = 2, which is not the
case. Therefore, we may assume that ox > 2; in that case, G = xy is
metacyclic since G/x is cyclic. Next, G has no cyclic subgroup of index
2 (otherwise, since G is of class 2, G′ = 2, contrary to the assumption).
Then !1G is of type 2 2, and G has no nonabelian subgroup of order
8, by Section 1, Remark 3. Therefore, if K/!1G is a subgroup of order
2 in G/!1G then K is abelian of type 4 2, so it is normal in G as a
subgroup generated by cyclic subgroups of order 4. It follows that G/!1G
is nonabelian Dedekindian (nonabelian since G′ is cyclic of order 4 > 2).
Then G/!1G contains a subgroup F/!1G ∼= Q8. Since G/!1G is
metacyclic of class 2, we get F = G, by Section 1, Remark 3; then G = 25.
By Taussky’s Theorem, G/G′ is abelian of type 4 2 since G is metacyclic.
Since G′ ≤ ZG, G is minimal nonabelian, by Lemma I(j); then, G′ = 2,
by Lemma I(i), contrary to the assumption of this paragraph.
(iii) It remains to consider the case where G′ is abelian of type 2 2.
Let Z be a cyclic subgroup of G of order 2e = expG; then G/Z is non-
abelian since G′ is noncyclic. By Lemma 11.2(b), G/Z is not Dedekindian.
Then G/Z contains a nonnormal subgroup L/Z of order 2 since G/Z is a
non-Dedekindian 2-group. Since L is not normal in G, it is not generated
by cyclic subgroups of composite orders, so L is dihedral, as L has a cyclic
subgroup of index 2. Since L′ is cyclic and L′ ≤ expG′ = 2, we get L′ =
2, so L = 8 and Z = 4. Thus, e = 2, i.e., expG = 4. Let Z1 be another
cyclic subgroup of G of order 4 (Z1 exists, by Theorem 7.10(b)). Assume
that Z1 ∩ L = 1. Then L × Z1 ∼= D8 × C4 contains a nonnormal cyclic
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subgroup of order 4. Indeed, we have L = 1 b b2 b3 r br b2r b3r and
Z1 = 1 a a2 a3, where or = 2, ob = 4 = oa. Set C = ar. Then
Cb = ab2r = C, so C is not normal in G, as claimed. Thus, Z1 ∩ L = L′
for every choice of Z1. Since expG = 4, it follows that G/L′ is elementary
abelian, i.e., L′ = G′ is of order 2, contrary to the assumption. The proof
is complete.
Supplement to Theorems 11.1 and 11.3. Let G be a p-group of com-
posite exponent. If G′ = p, then G is cyclic.
Proof (Kazarin [Kaz2]). The supplement is true if G = p3. In what
follows we assume that G > p3.
(i) If x y ∈ G, then 1 = x yp = x yp, so yp ∈ ZG and
G = G′1G ≤ ZG.
(ii) Let C be a cyclic subgroup of G of composite order. Assume
that G′ ≤ C; then C ∩G′ = 1. In that case, CG ≤ C ∩G′ = 1, so
C ≤ ZG. By assumption, G/C is not abelian. By Lemma 11.2(b), G/C
has no subgroup isomorphic to Q8, so it is non-Dedekindian. Therefore, it
has a nonnormal subgroup B/C of order p. By the above, B is abelian of
type C p. Since the abelian subgroup B is generated by cyclic subgroups
of order C, it is normal in G, contrary to its choice. Thus, every cyclic
subgroup of G of composite order contains G′.
(iii) Let G be minimal nonabelian. Then G/G′ = aG′ × bG′ is
abelian of type pmpn with m ≥ n; then m > 1. Let oaG′ = pm,
obG′ = pn. By (ii), G′ ≤ a. Assume that n > 1. Then, by (ii) again,
G′ ≤ b. Then !1G is abelian of type (pp) so it contains a subgroup
R = G′ of order p. By induction, φG/R is cyclic, a contradiction since
m > 1 n > 1. Thus, n = 1, so a is a cyclic subgroup of index p in G.
Thus, in the case under consideration, G has a cyclic subgroup of index p
or is nonabelian of exponent p.
(iv) If x y ∈ G are elements of composite orders, then H = x y is
either abelian or minimal nonabelian, and in both cases it contains a cyclic
subgroup of index p. Indeed, suppose that H is abelian. For deﬁniteness
let ox ≥ oy. Then H = x × z, by the basic theorem on abelian
groups. Since x ∩ z = 1, we conclude from (ii) that oz = p, i.e.,
H has a cyclic subgroup (namely, x) of index p. Now suppose that H is
nonabelian. Since x is normal in G, H is metacyclic. Since H ≤ ZH,
by (i), and H/H is abelian of type pp, H is minimal nonabelian. By
(iii), H has a cyclic subgroup of index p, so H is cyclic. Thus, in any
case, xp yp is cyclic for all x y ∈ G.
Let x be an element of maximal order in G. Then, by (iv), 1G ≤ x.
In that case, by (ii), G = 1GG′ ≤ x, so G is cyclic, completing
the proof.
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Thus, Theorems 11.1 and 11.3 can be formulated as follows.
Theorem [Kaz1]. If G is a p-group, then one of the following holds:
(a) G is abelian;
(b) G is of exponent p;
(c) G′ = p and G is cyclic;
(d) p = 2 and G  H2G = 2.
Remark 1. Let G be a group from part (c) of the previous theorem and
let C be a cyclic subgroup of composite order in G. Then 1 < C ≤
G. Since G has the unique subgroup of order p which coincides
with G′, we get G′ ≤ C < C and C is normal in G.
Deﬁnition 2. A p-group G is said to be an p-group if every cyclic
subgroup A of composite order satisﬁes the following condition: Whenever
1 < B < A, then NGB = NGA.
The property p is inherited by subgroups. It is true, but not obvious,
that p is inherited by epimorphic images.
We are ready to prove the following
Theorem 11.4 [Kaz1]. Let G be a nonabelian p-group of composite
exponent, p > 2. Then the following assertions are equivalent:
(a) G is an p-group.
(b) G is a p-group.
Proof. Obviously, (b) implies (a). Now suppose that an p-group G
is not a p-group. Then G possesses a nonnormal cyclic subgroup A of
composite order. By hypothesis,
(i) Every nonidentity subgroup of A is not normal in G, i.e., AG =⋂
x∈G Ax = 1.
Suppose that G is a counterexample of minimal order. In that case, every
maximal subgroup of G is a p-group, so the normalizer of every non-
normal cyclic subgroup of G of composite order has index p in G; thus
N = NGA is maximal in G. Then, by Proposition 11.1, N ′ ≤ p. Let
M be another maximal subgroup of G. If A ∩M > p, then, by induc-
tion, NGM ∩A ≥MN = G, so AG ≥ A ∩M > 1, contrary to (i). Thus
M ∩A = p, so A is of order p2. Thus
(ii) Let A be a nonnormal cyclic subgroup of G of composite order.
Then A = p2 and A is contained in exactly one maximal subgroup of G.
Suppose that G′ = p and let A be a nonnormal cyclic subgroup of
order p2 in G. Then G′ ≤ A, so G′A = G′ ×A is normal in G. In that
case, G′ ×A > 1 is contained in A and normal in G, contrary to (i).
Thus, if G′ = p, the theorem is true. In what follows we assume that
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(iii) G′ > p.
It follows from (iii) that
(iv) G has at most one abelian subgroup of index p.
Indeed, otherwise, G  ZG = p2, so G′ = p, by [I3, Lemma 12.12].
Let R be a subgroup of composite exponent in N . Since N ′ ≤ p and
p > 2, R is regular. It follows that R is generated by cyclic subgroups of
composite orders, so R is normal in N , hence N/A is abelian, since it is
Dedekindian and p > 2; then N ′ < A. By (i), N ′ = 1, so N is abelian.
Thus, by (iv),
(v) N is the unique abelian maximal subgroup of G.
It follows that
(vi) All nonnormal cyclic subgroups of G of composite exponent are
contained in N .
Let B be a normal cyclic subgroup of G of composite order. Assume
that B ≤ N . Then, AB is not a p-group, so, by induction, AB = G. By
(i), A ∩ B = 1 and CNB = ZG. It follows that N  ZG = p > A
so A ∩ ZG > 1, contrary to (i). Thus, N = HpG, the Hp-subgroup
of G. Let x ∈ G−N; then ox = p. Then all elements in xB − B have
order p, which is impossible since p > 2. Thus,
(vii) N = HpG. All cyclic subgroups of composite orders are non-
normal in G and so are of order p2. In particular, expG = p2. We see
that the normalizer of every nonnormal cyclic subgroup of composite order
is abelian and so coincides with N . It follows that N is the unique maximal
subgroup of G of composite exponent.
Let M = N be maximal in G; then expM = p, by (vii). In that case
N contains the elementary abelian subgroup N ∩M of index p. Then N =
A × E, where E is elementary abelian. Then N = A is a normal
subgroup of G of order p, contrary to (i). The proof is complete.
Theorem 11.5 [Kaz1]. Let G be a nonabelian 2-group of composite expo-
nent. Then the following assertions are equivalent:
(a) G is a 2-group.
(b) G is a 2-group.
Proof. Clearly, (b) implies (a). It remains to prove that (a) implies (b).
Suppose that G is a counterexample of minimal order. Then G possesses a
nonnormal cyclic subgroup B = b of composite order. As in the proof of
Theorem 11.4,
(∗) B = 4 and BG = 1, where B is an arbitrary nonnormal cyclic
subgroup of G of composite order.
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Let N be a maximal subgroup of G containing B. Then N is a 2-group,
by induction, so N = NGB. Take a ∈ G−N; then Ba = B. If !1Ba =
!1B, then !1Ba = !1B and NG!1B ≥ Na = G, contrary to
(∗). Thus, !1Ba = !1B so B ∩ Ba = 1. Since BBa ≤ N , these two
subgroups are normal in N so H = BBa = B× Ba is abelian of type 4 4.
Since B is not normal in aH, we get G = aB = aH, by induction.
Set A = a; then G = AH and H is normal in G, G/H is cyclic. Since H
is abelian, A ∩H is normal in G.
If A ∩H > 1, then A is normal in G since A ∩H is (see (∗)), and so,
by induction, G = BA. By (∗), B ∩A = 1. In that case, G is metacyclic.
Suppose that A ∩ H = 1 and A > 2. Then A is not normal in G
since G is nonabelian, so CGH = H, by (∗). In that case, the abelian
subgroup NGA = A×ZG is maximal in G, by induction. Then, by [I3,
Lemma 12.12], H = G′ZG, so ZG is a subgroup of index 2 in H.
In that case, B ∩ZG > 1, contrary to (*). Thus, it remains to consider
the following two cases.
(i) Let G = B ·A, a semidirect product with kernel A = a ∼= C2n ,
B = b ∼= C4. As above, N = NGB, a maximal subgroup of G, is abelian
of type 22 2n−1, CGA = A, and N ∩A = ZG. Then, by [I3, Lemma
12.12], G′ = A  ZG = 2, so b2 a = b a2 = 1. It follows that
CGb2 ≥ AB = G, contrary to (∗).
(ii) Let G = A · H, a semidirect product with kernel H which is
abelian of type 4 4, A = a ∼= C2, H = B × Ba, where B = b ∼= C4.
Since G is not a 2-group, we get H = H2G (Theorem 11.3(b)). Let C
be a cyclic subgroup of composite order not contained in H. Since C ∩H ≤
CG, C is normal in G. In that case, by induction, G = B · C, a semidirect
product (indeed, by (∗), B ∩ C ≤ BG = 1), contrary to (i).
It follows from Theorems 11.4 and 11.5 that epimorphic images of p-
groups are p-groups (this fact is not obvious).
Remark 2. Using Proposition 11.1 and Theorem 11.3, we will prove the
following result of Mann [Man4]: If every subgroup of composite exponent
is normal in a p-group G with expG > p, then either G′ ≤ p or G ∼=
D24 . Obviously, G is a p-group. Suppose that G′ > p. Then p = 2 and
G contains a subgroup A of index 2 such that all elements in G −A are
involutions, by Kazarin’s Theorem preceding Remark 1 (this section). If
A is cyclic, we are done, by classiﬁcation of 2-groups with cyclic subgroup
of index 2. Assume that A is not cyclic. Since G′ > 1, expA > 2. Let
Z be a cyclic subgroup of order 4 in A. By hypothesis, all subgroups of
G/Z are normal, i.e., G/Z is Dedekindian. By Lemma 11.2, G/Z has no
subgroup isomorphic Q8. It follows that G/Z is abelian. Let Z1 = Z be
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another cyclic subgroup of order 4 in A. Then G/Z1 is abelian. It follows
that that G′ ≤ Z ∩ Z1, so G′ ≤ 2, as desired.
Let G be a nonsolvable group. If all cyclic subgroups of G of composite
orders are normal in G, then G ∼= A5. Indeed, then G has no cyclic sub-
groups of composite orders. By the Brauer–Suzuki–Wall Theorem (see [BZ,
Chap. 5]), if all nonidentity elements of a nonsolvable group have prime
orders, it is isomorphic to A5.
12. MASCHKE-TYPE THEOREM FOR FINITE ABELIAN
p-GROUPS
The following addition to Maschke’s Theorem for ﬁnite abelian p-groups
holds:
Theorem 12.1 [BZ, Theorem 1.16′]. Suppose that a p′-group X acts on
an abelian p-group P . If R is an X-invariant elementary abelian subgroup of
P , then there exists an X-invariant p-subgroup S such that !1S = R and
P = S × S1, where S1 is X-invariant.
Let X and P be as in Theorem 12.1 and let !1P = R1 ×R2, where R1
and R2 are X-invariant. In Theorem 12.3 we give a necessary and sufﬁcient
condition for the existence of a decomposition P = S1 × S2 such that S1 S2
are X-invariant and !1Si = Ri, i = 1 2. To prove that theorem, we need
the following easy
Lemma 12.2. Let P be an abelian p-group and let R be an elementary
abelian subgroup of P; then
(a) P has a direct factor S such that !1S = R.
(b) If S1 is another direct factor of P such that !1S1 = R, then S1 ∼= S.
Proof. (a) follows from Theorem 12.1 if we put there X = 1.
(b) Setting S × T = P = S1 × T1 with !1S = R = !1S1, we have
to show that S1 ∼= S. Assume, for deﬁniteness, that S ≥ S1; then T  ≤
T1. It follows from T1 ∩R ≤ T1 ∩ S1 = 1 that 1 = T1 ∩R = T1 ∩ S, so
we get ST1 = S× T1 ≥ S1 × T1 = P, and we conclude that P = S× T1.
It follows that S ∼= P/T1 ∼= S1, as required.
Now we are ready to prove the main result of this section.
Theorem 12.3. Suppose that a p′-group X acts on an abelian p-group P .
Let !1P = R1 × R2, where R1 and R2 are X-invariant. Then the following
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assertions are equivalent:
(a) P = S1 × S2 for some S1 S2 ≤ P with !1Si = Ri i = 1 2.
(b) P = T1 × T2 for some X-invariant T1 T2 ≤ P with !1Ti =
Ri i = 1 2.
Proof. (a) follows from (b).
Suppose that (a) holds. By Theorem 12.1, P has an X-invariant direct
factor Ti such that !1Ti = Ri, i = 1 2; clearly, T1 ∩ T2 = 1. By
Lemma 12.2, Ti ∼= Si i = 1 2. Therefore, T1 × T2 ∼= S1 × S2 = P , so
P = T1 × T2, as required.
13. THE SUBGROUP GENERATED BY ALL MINIMAL
NONABELIAN SUBGROUPS
In this section we prove the following unexpected
Theorem 13.1. Let G be an arbitrary ﬁnite group and let K = KG be
the subgroup generated by all minimal nonabelian subgroups of G (as usual,
K = 1 if G is abelian). Then G′ ≤ K. Furthermore, if G is a nonabelian
p-group, then K = G.
Recall that if G is minimal nonabelian then one of the following holds:
(a) G is a two-generator p-group with G  ZG = p2.
(b) G = P ·Q, where P ∈ SylpGQ = G′ ∈ SylqG is elementary
abelian, P  ZG = p and Q = qb, where p is a Zsigmondy prime for
the pair q b.
Proof of Theorem 13.1 (Compare with [B8]). Let G be a counterexam-
ple of minimal order. Then G is not abelian.
Suppose that G is a p-group. By induction, K is maximal in G and all
other maximal subgroups of G are abelian. On the other hand, the number
of abelian maximal subgroups in G is 0 1 or p+ 1, so G has at least p > 1
distinct nonabelian maximal subgroups, contrary to what has just been said.
The remaining part of the proof is due to Isaacs [I2] (the original proof
is also short but not so elementary).
Now let G be not of prime power order. Suppose that K = KG ≤
G. Then there is a maximal subgroup M of G such that MKG = G.
By induction, M/KM is abelian, and KM ≤ M ∩KG. Thus G/K ∼=
M/M ∩ KG, and this is abelian as an epimorphic image of M/KM.
We can thus assume that K ≤ G; then K is nilpotent. Let 1 < P ∈
SylK; then P is normal in G but is not complemented in G since P ≤
K ≤ G. Let P < S ∈ SylG (by the Schur–Zassenhaus Theorem, a
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nonidentity Sylow subgroup of G is not contained in G). Then KS ≤
S ∩KG = P < S, and thus S is abelian, by what has been proved for prime
power groups. Since KG is nilpotent with all abelian Sylow subgroups, we
see that KG is abelian, and this is a contradiction.
Remark. We offer another proof of Theorem 13.1 in the case when G is
not of prime power order. Assume that G/K is nonabelian. If p is a prime
divisor of G/K, then Sylow p-subgroups of G are abelian, by the previous
paragraph. Let H be a subgroup minimal such that G = HK. We have
KH ≤ H ∩K ≤ φH, so G/K ∼= H/H ∩K is an epimorphic image of
H/KH. By the above, all Sylow subgroups of H are abelian, so KH is
abelian. It follows that H is abelian, completing the proof.
Note that a nonabelian p-group G is minimal nonabelian if and only if
dG = 2G′ ≤ ZG, and expG′ = p. Indeed, since G is of class 2, we
have a bp = a bp = 1 for all a b ∈ G, so 1G ≤ ZG and G =
G′1G ≤ ZG; really, we have equality here since G  G = p2.
It follows that all maximal subgroups of G are abelian, so G is minimal
nonabelian since G′ > 1.
14. ON ALPERIN’S CONJECTURE ON ABELIAN SUBGROUPS OF
SMALL INDEX
Let us consider the following assertion:
n For n ∈  and a prime p, a p-group, containing an abelian subgroup
of index pn, contains a normal abelian subgroup of the same index.
We know that 3 is true for all odd p and is not true for p = 2 [A].
Alperin conjectured [A] that n is true for every n and a sufﬁciently large
p. We shall show that 1/2p+3 is not true for all p > 3; in particular,
4 is not true for p = 5. In general, Alperin’s conjecture is not solved.
Let H1 be the greatest group of class 2, generated by p elements
a0 a1 
 
 
  ap−1 of order p > 3. Then expH1 = p. It is known
that H1 = p1/2pp+1 H ′1 = p1/2pp−1 [B1, Theorem 52.1] and H1
is special. Fix t = tp = 12 p − 3 ∈ . Let D be the subgroup of
H1, generated by pt commutators ci j = ai aj j − i ∈ 1 
 
 
  t,
where i j ∈ 0 1 
 
 
  p − 1. Then D = ppt . Set H = H1/D; then
H = p1/2pp+1−pt = p2p and H ′ = H ′1/D = pp. In this section all sub-
scripts under a and c are reduced modulo p. Denote the images aiD of
ai in H1/D by ai again, i = 0 1 
 
 
  p − 1. In H cij = 1 if and only if
j − i ∈ 1 
 
 
  t. Let φ be an automorphism of H deﬁned on generators
a0 a1 
 
 
  ap−1 as follows: a
φ
i = ai+1 i = 0 1 
 
 
  p − 1 (in particular,
a
φ
p−1 = a0), and extended to H. It is easy to show that such φ exists. Let
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G = φ ·H be the natural semidirect product; then G = p2p+1. We shall
show that G does not satisfy 1/2p+3.
Remark. If G is the group constructed above, then (a) ZG = p; (b)
every maximal abelian subgroup of G not contained in H has order ≤pp+1;
(c) G/H ′ is isomorphic to the wreath product of two cyclic groups of order
p, i.e., G is irregular.
Take in H −H ′ two elements,
x = c1
∏
i=0 


 p−1
a
βi
i  y = c2
∏
i=0 


 p−1
a
γi
i  c1 c2 ∈ H ′

These representations are unique. In what follows we assume that x and y
have representations given above.
Let suppx = i  βi = 0, the support of x. For A ≤ H, set suppA =⋃
x∈A−H ′ suppx.
Obviously, ZH = ⋂p−1i=0 CHai = H ′, and
CHai = H ′ ai−t  
 
 
  ai−1 ai ai+1 
 
 
  ai+t
is of order pp+2t+1 = p2p−2. Since oai = p for all iH/H ′ is elementary
abelian, so we get the following
Lemma 14.1. H is special. Set Ai = H ′ ai ai+1 
 
 
  ai+t i =
0 1 
 
 
  p− 1. ThenAi is abelian of order pp+t+1, so that H  Ai = pp−t−1.
Note that cij = ai aj = 1 if and only if j ∈ i + t + 1 i + t + 2. Next,
aβii  a
γj
j  = c
βiγj
ij .
Lemma 14.2. Let x y ∈ H −H ′. In the above notation,
(a) We have
x y =∏
ij
c
det
(
βi βj
γi γj
)
ij (11)
where j = i+ t + 1 i+ t + 2 i = 0 1 
 
 
  p− 1.
(b) xy = yx if and only if βiγj − βjγi ≡ 0 modp for all i = 0,
1 
 
 
  p− 1 and j ∈ i+ t + 1 i+ t + 2.
Lemma 14.3. Ai is a maximal abelian subgroup of H of order pp+t+1,
i = 0 1 
 
 
  p− 1.
Proof. Assume that there is x ∈ CHAi − Ai. Since Ai contains all
elements whose supports are contained in i = i i + 1 
 
 
  i + t, we
may assume that suppx ∩ i is empty. Then x is not permutable with one
of the following elements of Ai  ai ai+1 
 
 
  ai+t , which is a contradiction.
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Theorem 14.4. Let A be an abelian normal subgroup of the above con-
structed p-group Gp ≥ 5. Then A ≤ pp+1, so G  A ≥ pp. Hence, since
G has an abelian subgroup of index pp+1−t+1 = pp−t = p1/2p+3 < ppG
does not satisfy 1/2p+3.
Proof. Let A be a maximal abelian normal subgroup of G.
Suppose that A < H; then ZH ≤ A since AZH is an abelian normal
subgroup of G. Suppose that ZH < A; then A ≥ pp+1. Take x ∈ A−
ZH and suppose that βi = 0. Set y = xφt+1 . Then y ∈ A and xy = yx
since A is a normal abelian subgroup of G. We have γi = βi−t−1 and
γi+t+1 = βi. By Lemma 14.2(b), we get
βiγi+t+1 − βi+t+1γi = β2i − βi+t+1βi−t−1 ≡ 0 modp

Since βi ≡ 0 mod p, we obtain βi+t+1 ≡ 0modp. Similarly, βi+kt+1 ≡
0modp for all k ∈ . Since p is a prime and 1 < t + 1 < p, we get
suppx = 0 1 
 
 
  p− 1.
Let y ∈ A−H ′. Then, since xy = yx, we get, by the result of the previous
paragraph, suppy = suppx = 0 1 
 
 
  p− 1, so, by Lemma 14.2(b),
β0
γ0
= βt+1
γt+1
= β2t+2
γ2t+2
= · · · = βp−1t+1
γp−1t+1
= s−1
or, what is the same,
β0
γ0
= β1
γ1
= β2
γ2
= 
 
 
 = βp−1
γp−1
= s−1 (12)
for some s ∈ 1 2 
 
 
  p − 1. It follows from (12) that y = cxs, so that
A = xH ′ has order pp+1. (Note that if x ∈ H −H ′, then it is not neces-
sary that xH ′ is normal in G.) Thus, if A is a maximal abelian normal
subgroup of G contained in H, then A ≤ pp+1.
Now let A ≤ H. Then G = AH, so G = bH for some b ∈ A −
H. Since K = bZH is isomorphic to the standard wreath product of
two cyclic groups of order p, we get ZK = p. Since G/ZH is also
isomorphic to the standard wreath product of two cyclic groups of order
p and ZH ≤ G, we get dG = 2. It follows that ZG ≤ H and
ZG ≤ A ∩ ZH ≤ ZG, and we get A ∩ ZH = ZG, so, by the
above, ZG = ZK is of order p. Note that A ∩HZH is a normal
abelian subgroup of G contained in H. It follows from the result of the
previous paragraph that A ∩ HZH ≤ pp+1. Hence, by the product
formula, we get
pp+1 ≥ A ∩HZHA ∩H ∩ ZH =
A ∩Hpp
p

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so A ∩ H ≤ p2. It follows that A = pA ∩ H ≤ p3. (In fact, such a
normal abelian subgroup A does not exist. Indeed, assuming the existence
of such an A, we obtain A ≤ G < H since dG = 2 and G/A is not
cyclic, which is not the case.) Thus G has no abelian normal subgroup of
order pp+t+1. Since G has an abelian subgroup of order pp+t+1 (and index
pp−t = p1/2p+3, it follows that G does not satisfy 1/2p+3.
It follows from the proof of Theorem 14.4 that all maximal abelian nor-
mal subgroups of G are elementary abelian and have the same order pp+1.
In particular, the nonempty set of elementary abelian subgroups of G of
order pp+2 has no normal subgroup.
In the case p = 5 we will do more: we shall describe maximal abelian
subgroups of H (we have no such description in the case p > 5). This
allows us to prove Theorem 14.4 in that case again.
Thus, let p = 5; then t = t5 = 12 5 − 3 = 1. Let x ∈ H −H ′ and let
y ∈ H −H ′ centralize x; ﬁnd the form of y (x and y are as in Lemma 14.2).
Let A be a maximal abelian subgroup of H containing x and y.
Case 1. Suppose that suppx = 0 1 2 3 4. Then, as shown in the
proof of Theorem 14.4, CHx = xH ′, so CHx is a maximal abelian
subgroup of H. Its order is 56 < 57 = Ai for all i. We see that suppy =
suppx for all y ∈ A−H ′.
Case 2. Suppose that suppx = 0 1 2 3. Then β1γ4 = 0, by
Lemma 14.2, so γ4 = 0. Assume that γi = 0 for some i = 4. Suppose
for deﬁniteness that i = 0. Then β0γ2 = 0 = β0γ3, by Lemma 14.2(b),
so γ2 = 0 = γ3. Next, by the same lemma, β3γ1 = 0, so γ1 = 0. In that
case, y ∈ H ′, which is a contradiction. We see that γi = 0 for i = 4. By
Lemma 14.2(b) again, y = cxs for some c ∈ H ′ and s ∈ 1 2 3 4, so
y ∈ xH ′. It follows that CHx = xH ′ is a maximal abelian sub-
group of H of order 56. Similarly, if βi = 0 and βj = 0 for j = i, then
CHx = xH ′ is a maximal abelian subgroup of order 56 in H for all i. It
follows that suppy = suppx for all y ∈ A−H ′, so suppA = suppx.
Case 3. Suppose that suppx = 0 1 2. Then β0γ3 = β1γ4 = 0,
by Lemma 14.2, so γ3 = γ4 = 0 and suppy ⊆ suppx. It follows that
suppA = suppx. We also have a1 ∈ CHx. Then y centralizes xa−β11 ,
so, by Lemma 14.2(b), β0/γ0 = β2/γ2, and hence y ∈ a1 xH ′. Thus,
CGx = a1 xH ′ is a maximal abelian subgroup of G of order 57. Simi-
larly, if suppx = i i+ 1 i+ 2, then CGx = ai+1 xH ′ is a maximal
abelian subgroup of H of order 57 for all i.
Case 4. Suppose that suppx = 0 1 3. Then β0γ2 = 0 = β1γ4, so
γ2 = γ4 = 0 and suppy ⊆ suppx. If, say, γ0 = 0, then γ1 = 0 = γ3 =
0, by Lemma 14.2(b), and y ∈ H − H ′, which is not the case. Similarly,
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γ1 = 0 = γ3. By Lemma 14.2(b) again, β0/γ0 = β1/γ1 = β3/γ3. In that
case, y = cxλ, where λ ∈ 1 2 3 4 and c ∈ H ′. We see that CHx =
xH ′ = A is a maximal abelian subgroup of H of order 56. Similarly,
if suppx = i i + 1 i + 3, then CHx = xH ′ is a maximal abelian
subgroup of G of order 56 for i = 0 1 2 3 4.
Case 5. Let suppx = 0 1. Then β0γ2 = β1γ3 = β1γ4 = 0,
by Lemma 14.2(b), so γ2 = γ3 = γ4 = 0. There are no restrictions
on β0 and β1. In that case, CGx = a0 a1H ′ = A0. Similarly, if
suppx = i i+ 1, then CGx = Ai is of order 57 for i = 0 1 2 3 4.
Case 6. Let suppx = 0 2. Then β0γ3 = β2γ4 = 0, by Lemma
14.2(b), so γ3 = γ4 = 0. Next, a1 ∈ CGx and β0/γ0 = β2/γ2, by
Lemma 14.2(b). In that case, CGx = a1 xH ′ is a maximal abelian
subgroup of G of order 57. Similarly, if suppx = i i + 2, then
CGx = ai+1 xH ′ = A is a maximal abelian subgroup of G of order 57
for i = 0 1 2 3 4.
We are ready to prove the following
Lemma 14.5. Suppose p = 5. Let x ∈ H −H ′ and let A be a maximal
abelian subgroup of H. Then
(a) If CHx is nonabelian, it has order 58 and suppx = i i =
0 1 2 3 4.
(b) A < 58.
Proof. (a) follows from Cases 1–6 considered above.
(b) Assume that the assertion is false and let A be an abelian sub-
group of H of order 58. If x ∈ A −H ′, then, by (a), suppx = 1, i.e.,
a = ai for some i ∈ 0 1 2 3 4. Since CHai is nonabelian, A is its
proper subgroup, contrary to the equality A = CHai.
Lemma 14.6. Suppose p = 5. Let A be an abelian subgroup of H of order
57. Then one of the following holds:
(a) A = Ai suppA = i i+ 1i = 0 1 2 3 4.
(b) A = CHx, where suppx = i i + 2A = ai+1 xH ′,
suppA = i i + 1 i + 2i = 0 1 2 3 4. (There are exactly 20 such
subgroups; for example, for i = 0 we obtain four different subgroups with
x = a0as2, where s = 1 2 3 4.)
Lemma 14.6 shows that H contains exactly 25 abelian subgroups of
order 57.
Lemma 14.7. All normal abelian subgroups of G are contained in H.
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See the proof of Theorem 14.4.
In particular, the abelian subgroups of Lemma 14.6 are the only abelian
subgroups of order 57 in G. As we know, all of these subgroups are not
normal in G. Thus we have proved again that the above constructed 5-
group G has an abelian subgroup of index 54 but has no normal abelian
subgroup of the same index, i.e., G does not satisfy 4. Of course, this is
a partial case of Theorem 14.4.
Consider the following assertion (see [AG]):
	n For n ∈  and a prime p, a p-group, containing an elementary
abelian abelian subgroup of index pn, contains a normal elementary abelian
subgroup of the same index.
Our example shows that there exists a 5-group not satisfying 	7. In gen-
eral, if p > 3, there exists a p-group not satisfying 	3p−1/2 (Theorem 14.4).
Note that 	n n ≤ 5, is true for all p > 2 (see [B2, B3, KJ]).
15. ON ABELIAN SUBGROUPS OF GIVEN EXPONENT AND
INDEX OR ORDER
In this section we present some results on the existence of abelian normal
subgroups of given exponent and index (or order) in a p-group.
Lemma 15.1. Let k ∈  and let a p-group G have an abelian subgroup
of exponent ≤pk and index p.
(a) If p > 2, then the number of abelian subgroups of exponent ≤pk
and index p in G is ≡ 1 mod p.
(b) If p = 2, then the number of abelian subgroups of exponent ≤ 2k+1
and index 2 in G is odd.
Proof. Let AA1 be distinct abelian subgroups of exponent ≤pk and
index p in G. Then G = AA1 is of class at most 2 (Lemma I(k)), so
expG≤pk if p > 2 and expG ≤ 2k+1 if p = 2. Now the result follows,
by Sylow’s Theorem, if G is abelian. If G is nonabelian, then A ∩A1 =
ZG and all abelian maximal subgroups of G contain ZG and, con-
versely, every maximal subgroup of G containing ZG is abelian. The
proof is complete.
Lemma 15.2. Let k ∈  and let G be a p-group. If G possesses an abelian
subgroupA of exponent ≤pk and index p2, thenG possesses a normal abelian
subgroup of the same index and exponent ≤pk if p > 2 and exponent ≤ 2k+1
if p = 2.
Proof. Let A be an abelian subgroup of exponent ≤pk and index p2 in
G and let A < M < G, where M is maximal in G. Now the result follows
from Lemma 15.1 since M is normal in G.
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Below we use the following remark. If T is a subgroup of exponent pk
and index ps is a p-group G, then expG ≤ pk+s. Indeed, if x ∈ G, then
xp
s ∈ T , so oxps ≤ expT  ≤ pk. It follows that ox ≤ pk+s, as claimed.
Theorem 15.3. Let k ∈ . Suppose that a maximal subgroup H of a
p-group G has an abelian subgroup A of index p2 and exponent ≤pk. Then
(a) If p > 3, then H has a G-invariant abelian subgroup of expo-
nent ≤pk and index p2.
(b) If p = 3, then H has a G-invariant abelian subgroup of expo-
nent ≤ 3k+1 and index 32.
(c) If p = 2 and G has a normal abelian subgroup B of index 23, then
H has a G-invariant abelian subgroup of exponent ≤ 2k+2 and index 22.
Proof. Let < = <p be deﬁned as follows: <2 = 2 <3 = 1, and <p = 0
if p > 3. Assume that H has no G-invariant abelian subgroup of expo-
nent ≤pk+<p and index p2. Let tK be the number of abelian subgroups
of exponent ≤pk+<p and order A in K ≤ G.
By Lemma 15.2, H has a normal abelian subgroup, say A, of expo-
nent ≤pk+<p and index p2. By assumption, NGA = H. Since H is normal
in G, we get AG ≤ H, where AG is the normal closure of A in G. Assume
that AG = H. Since H  A = p2 and A is normal in H, it follows that
there exist x y ∈ G−H such that AAxAy = H (obviously, Ax and Ay are
also normal in H). By Lemma I(k), the class of H is at most 3. If p > 2,
then expAAx ≤ pk. Below we use the remark preceding the theorem.
If p = 2, then expH ≤ H  A expA ≤ 2k+2 = 2k+<2 . If p = 3, then
expH ≤ H  AAx expA ≤ 3k+1 = 3k+<3 . If p > 3H is regular, so
expH = expA ≤ pk = pk+<p . If AG < H, the same argument yields
expAG ≤ pk+<p . If AG < H, then tAG ≡ 1 mod p, by Lemma
15.1, so AG contains a G-invariant abelian subgroup of exponent ≤pk+<p
and index p, contrary to the assumption. Now let AG = H. By Alperin’s
Theorem [A] (for p > 2) and by hypothesis (for p = 2), G has a normal
abelian subgroup B of index p3. Since expH ≤ pk+<p , we get, by assump-
tion, B ≤ H= NGA. By Isaacs’ Replacement Theorem [I4], there exists
an abelian subgroup A∗ < G such that (α) A∗ = A, (β) A∩B < A∗ ∩B,
(γ) A∗ ≤ NGA, and δ expA∗ divides 2pk, i.e., expA∗ ≤ pk ≤ pk+<p
if p > 2 and expA∗ ≤ 2k+1 < 2k+<2 if p = 2. It follows from (γ) that
A∗ ≤ H, so, by assumption, A∗ is not normal in G. We have A∗G ≤ H
since H is normal in G. Therefore, we get A∗G = H, by Lemma 15.1.
Choosing A∗ so that A∗ ∩ B is as large as possible, we see that B normal-
izes A∗. Since B ≤ NGA∗ and NHA∗ > A∗, we see that NGA∗= H
is maximal in G. It follows that A∗G ≤ NGA∗ ∩H < H since NGA∗ is
normal in G, contrary to what has just been said. The proof is complete.
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In particular, if a p-group G has an abelian subgroupA of exponent ≤pk
and index p3, then AG has a G-invariant abelian subgroup A of expo-
nent ≤pk+<p and index p3 in G if p > 2.
Let k ∈ . Denote by pekG the maximum of orders of regular subgroups
of exponent ≤pk in a p-group G.
Theorem 15.4. Let k ∈  p > 2, and let G be a p-group. Then
(a) If G has an abelian subgroup A of exponent ≤pk and order pekG,
then AG has a G-invariant abelian subgroup B of order pekG and expo-
nent ≤pk. Moreover, B contains all normal abelian subgroups of G of expo-
nent ≤pk.
(b) If G has an abelian subgroup A of exponent ≤pk and order
pekG−1 and p > 3, then AG has a G-invariant abelian subgroup pekG−1
and exponent ≤pk.
(c) If G has an abelian subgroup A of exponent ≤pk and order
pekG−2 and p > 3, then AG has a G-invariant abelian subgroup pekG−2
and exponent ≤pk.
Proof. We are working by induction on G. We may assume that A <
G. Then AG < G. Clearly, ekAG = ekG.
(a) By induction, AG has an abelian subgroup B of order pekG and
exponent ≤pk containing all normal abelian subgroups of AG of expo-
nent ≤pk. Since B is also characteristic in AG, it is normal in G. Let E be
a normal abelian subgroup of G of exponent ≤pk. Since the class of BE
is at most 2 and p > 2, it is regular, so expBE ≤ pk, and we get E ≤ B
since B is a maximal regular subgroup of G.
(b) By induction, AG has a normal abelian subgroup B of order
pekG−1 and exponent ≤ pk. Suppose that B is not normal in G. Then
Bg = B for some g ∈ G. In that case, by Lemma I(k), the class of BBg is at
most 2 since BBg are normal in AG, and so expBBg ≤ pk since p > 2.
Set H = BBg. Since H is regular, we get, by hypothesis, H = pekG. If
H is normal in G, it contains a G-invariant abelian subgroup of index p
(so of order pekG−1) and exponent ≤ expH ≤ pk, by Lemma 15.1. So
suppose that H is not normal in G. Then Hx = H for some x ∈ G. By
Lemma I(k), the class of HHx is at most 4, so it is regular since p ≥ 5. We
get a contradiction since HHx > H = pekG and expHHx ≤ pk.
(c) Let B and H be as in (b). Then pekG−1 ≤ H ≤ pekG since
H is regular of exponent ≤pk. If H is normal in G and H = pekG−1
(then H = AG), we are done, by Lemma 15.1. If H is normal in G and
H = pekG, then the number of abelian subgroups of index p2 in H is ≡ 1
mod p or 2, by [KJ], and we are done, since one of these subgroups is
G-invariant of exponent ≤ expH ≤ pk. Suppose that H is not normal
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in G. Then there exists x ∈ G such that Bx ≤ H. In that case the class of
HBx is at most 3, by Lemma I(k), so HBx is regular since p > 3, and we
get expHBx ≤ pk. We have HBx = pekG, by hypothesis. Assume that
HBx is not normal in G. Then there exists y ∈ G such that By ≤ HBx. In
that case HBxBy is of class at most 4 and so is regular since p > 4, and we
get expHBxBy ≤ pk. Since HBxBy  > pekG, we obtain a contradiction.
If HBx is normal in G, the result follows from [KJ] as above.
Corollary 15.5. Let G be a p-group of maximal class, p > 2, k ∈ 
,
and k > 1.
(a) If G has an abelian subgroup A of order pp−1k and exponent pk,
then A is the unique abelian subgroup of order pp−1k and exponent pk.
(b) If G has an abelian subgroup of order pp−1k−1 and exponent
pk, then it has a normal abelian subgroup of order pp−1k−1 and exponent
pk.
(c) If p > 3 and G has an abelian subgroup A of order pp−1k−2 and
exponent pk, then it has a normal abelian subgroup of order pp−1k−2 and
exponent pk.
Proof. If expG = pk, then G = pp−1k+1. In that case, (a) follows
from Lemma I(k), (b) follows from Lemma 15.2, and (c) follows from [A].
In what follows we assume that expG > pk. In the case under consider-
ation, ekG = pp−1k (see [Hup, Sect. 3.14]).
(a) It follows from Theorem 15.4(a) that G has a normal abelian sub-
group of order pp−1k and exponent pk; we denote that subgroup by A,
again. By Lemma I(k), G has at most one abelian subgroup of index p,
so we may assume that G  A > p. It follows from the subgroup struc-
ture of G that every abelian subgroup of order pp−1k and exponent pk
in G is homocyclic. Assume that B is another abelian subgroup of order
pp−1k and exponent pk in G. Since A is the unique G-invariant subgroup
of its order in GB is not normal in G. Then B ≤ G1, where G1 is the fun-
damental subgroup of G, since A = !kG1. The fundamental subgroup
G1 = CGK G/K4G is absolutely regular of index p in G. It follows
from the subgroup structure of G that N = NGB is of maximal class and
order pB. In view of k > 1 and p > 2, the class of N is > 2. It follows
that B is the unique abelian subgroup of index p in N , i.e., B is character-
istic in N . We conclude that N = G, a contradiction, since B is not normal
in G.
(b) follows from Theorem 15.4(b) if p > 3. Suppose that p = 3. If
k = 2, the result is trivial, so let k > 2. Since all elements of orders ≥ 33
are contained in G1, the fundamental subgroup of G, and A is generated
by elements of order 3k, we get A ≤ G1. Then A is a subgroup of index 3
in !kG1, and the result follows from [KJ] since exp!kG1 = 3k.
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(c) follows from Theorem 15.4(c).
For the case k = 1, see Theorem 7.14.
If G is a p-group of maximal class, p > 2, k > 1 expG > pk, and
G1 is the fundamental subgroup of G, then !kG1 is the unique regular
subgroup of G of order pp−1k and exponent pk in G.
16. OPEN QUESTIONS
Below we formulate a number of related open questions.
Question 1. Classify the p-groups G such that whenever AB are two
noncyclic normal subgroups of the same order in G, then A  1A = B 
1B.
This question, in contrast to Theorem 1.4, is surprisingly difﬁcult.
Question 2(a–d). Study the p-groups G such that for every two noncyclic
subgroups AB of G of the same order one of the following holds:
(a) A  2A = B  2B.
(b) A  A′K3A = B  B′K3B.
(c) A  A′ = B  B′.
(d) !2A = !2B.
Question 3. Study the p-groups G such that for every two nonmetacyclic
subgroups AB of G of the same order we have dA = dB.
Question 4. Study the p-groups all of whose subgroups (normal sub-
groups) of rank two are metacyclic.
Question 5. Classify the nonnilpotent minimal nonmetacyclic groups.
Question 6. Classify the 2-groups with exactly four cyclic subgroups of
order 2n > 2.
Question 7. Classify the groups G of order 2m with c1G > 2m−2.
(C. T. C. Wall classiﬁed the groups G of order 2m with c1G > 2m−1;
see [BZ, Theorem 11.24].
Question 8. Study the 2-groups G containing two distinct maximal sub-
groupsM and N such that all elements of the setG−M ∪N are involutions.
Question 9. Study the irregular p-groups G satisfying !2G = pp+2
and G > pp+2. The case p = 2 is of special interest. Consider the partial
case when !2G is regular, in detail.
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Let G be a group of Question 9 with p > 2. Then G is not of maximal
class (otherwise, !2G = G), so it contains a normal subgroup R of order
pp and exponent p (Theorem 7.6). By hypothesis, !1G/R ≤ p2. It fol-
lows that G/R is metacyclic or is a 3-group of maximal class. If, however,
p = 2, it is possible to apply the main result of [Rus].
Question 10. Is there a maximal m such that some group of maximal
class and order pm is of central type (or, what is the same, has an irreducible
character of degree p1/2m−1)?.
Question 11. Prove Theorem 6.2 for m > n > p.
Question 12. LetG be an extraspecial group of order p1+2m and exponent
p2 p > 2. Classify all groups G1 that are lattice isomorphic to G.
Note that if G is extraspecial and (i) expG = p > 2 or (ii) p = 2, then
G is also extraspecial. Indeed, if G is of exponent p > 2, then ZGϕ =
ZGϕ, by Proposition 10.8(b), and ZG1 = G1; this implies the result.
If p = 2 and A is abelian of type 2 2 or 4 2, then Aϕ ∼= A. Applying
this to central decomposition of G = H ∗ CGH, where H is a nonabelian
subgroup of order 23 in G, we prove our claim.
Question 13. Let G be an irregular p-group of order p1+p. Is it true that
every group that is lattice isomorphic with G is also irregular?
Question 14. Classify the p-groups that are lattice isomorphic with min-
imal nonabelian p-groups.
Question 15. Classify the p-groups all of whose nonnormal metacyclic
subgroups are of orders < p3.
Question 16. Classify the p-groups all of whose nonnormal absolutely
regular subgroups have orders < pp.
Question 17. Classify the p-groups all of whose nonnormal (a) subgroups
are absolutely regular, (b) regular subgroups are absolutely regular.
Question 18. Classify the p-groups all of whose nonnormal subgroups
are (a) metacyclic, (b) abelian, (d) of order < p4.
Question 19. Study the p-groups G such that if 1 < A < B < G and
A is a characteristic subgroup of a nonabelian subgroup B, then NGA =
NGB.
Question 20. Classify the p-groups G such that the normalizer of
every nonnormal cyclic subgroup of composite order is maximal in G (see
Section 11).
Question 21. Classify the nonabelian p-groups all of whose noncyclic
abelian subgroups of composite exponent are normal.
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Question 22. Classify the ﬁnite groups G such that whenever 1 < B <
A ≤ G, where A is cyclic, then NGB = NGA.
Question 23. Let n > 1 and let TnG be the subgroup generated by all
subgroups H of a p-group G such that the class of H is equal to n. Study
the structure of G/T3G. (Theorem 13.1 shows that G/T2G is abelian. By
Macdonald [Mac], G does not necessarily contain a subgroup of class n > 3
even if clG > n.)
Question 24. Classify maximal abelian subgroups of H, where H is con-
structed in Section 14, for p > 5.
Question 25. Does there exist a p-group, p = 3 7, not satisfying 4
(see Section 14)?
Question 26. Classify the p-groups all of whose proper characteristic sub-
groups are generated by two elements.
Question 27. Classify the groups G of order 2mm > 5, such that for
some ﬁxed r with 4 ≤ r < m− 1, all G-invariant subgroups of orders 2r and
2r+1 are generated by two elements.
Question 28. Classify the groups of order 2m > 23 having an automor-
phism of order 2m−3 (see Section 9).
Question 29. Classify the p-groups all of whose nonnormal cyclic sub-
groups are of maximal cyclic.
Question 30. Does there exist a group H of order pp and exponent p
which is not contained in all p-groups of maximal class?
Question 31. Classify the p-groups G such that every nonnormal cyclic
subgroup of composite order is contained in exactly one maximal subgroup of
G.
Question 32. Classify the absolutely regular p-groups H such that H is
the fundamental subgroup of some p-group of maximal class.
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